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,QWHUOHXNLQĥĪ,/īSOD\VDQRQĥUHGXQGDQWUROHLQ7 FHOOVXUYLYDODQGKRPHRVWDVLV ZKLFKLVLOOXVWUDWHGLQWKHVHYHUH
7 FHOOO\PSKRSHQLDRI,/ĥGH¿FLHQWPLFH RUGHPRQVWUDWHGLQDQLPDOVRUKXPDQVWKDWODFNH[SUHVVLRQRIHLWKHUWKH
,/5α RU γc FKDLQ WKHWZRVXEXQLWVWKDWFRQVWLWXWHWKHIXQFWLRQDO,/UHFHSWRU 5HPDUNDEO\ ,/LVQRWH[SUHVVHGE\
7 FHOOVWKHPVHOYHV EXWSURGXFHGLQOLPLWHGDPRXQWVE\UDGLRĥUHVLVWDQWVWURPDOFHOOV 7KXV 7 FHOOVQHHGWRFRQVWDQWO\
FRPSHWHIRU,/WRVXUYLYH +RZ7 FHOOVPDLQWDLQKRPHRVWDVLVDQGIXUWKHUPD[LPLVHWKHVL]HRIWKHSHULSKHUDO7 FHOO
SRROLQIDFHRIVXFKFRPSHWLWLRQDUHLPSRUWDQWTXHVWLRQVWKDWKDYHIDVFLQDWHGERWKLPPXQRORJLVWVDQGPDWKHPDWLĥ
FLDQVIRUDORQJWLPH ([FHSWLRQDOO\ ,/GRZQĥUHJXODWHVH[SUHVVLRQRILWVRZQUHFHSWRU VRWKDW,/ĥVLJQDOOHG7 FHOOV
GRQRWFRQVXPHH[WUDĥFHOOXODU,/ DQGWKXV WKHUHPDLQLQJH[WUDĥFHOOXODU,/FDQEHVKDUHGDPRQJXQVLJQDOOHG7 FHOOV
6XFKDQDOWUXLVWLFEHKDYLRXURIWKH,/5α FKDLQLVTXLWHXQLTXHEHWZHHQPHPEHUVRIWKH γc F\WRNLQHUHFHSWRUIDPLO\
+RZHYHU WKHFRQVHTXHQFHVRIWKLVDOWUXLVWLFVLJQDOOLQJEHKDYLRXUDWWKHPROHFXODU VLQJOHFHOODQGSRSXODWLRQOHYHOV
DUHOHVVZHOOXQGHUVWRRGDQGUHTXLUHIXUWKHULQYHVWLJDWLRQ ,QWKLVUHJDUG PDWKHPDWLFDOPRGHOOLQJRIKRZDOLPLWHG
UHVRXUFHFDQEHVKDUHG ZKLOHPDLQWDLQLQJWKHFORQDOGLYHUVLW\RIWKH7 FHOOSRRO FDQKHOSGHFLSKHUWKHPROHFXODU
RUFHOOXODUPHFKDQLVPVWKDWUHJXODWH7 FHOOKRPHRVWDVLV 7KXV WKHFXUUHQWUHYLHZDLPVWRSURYLGHDPDWKHPDWLFDO
PRGHOOLQJSHUVSHFWLYHRI,/ĥGHSHQGHQW7 FHOOKRPHRVWDVLVDWWKHPROHFXODU FHOOXODUDQGSRSXODWLRQOHYHOV LQWKH
FRQWH[WRIUHFHQWDGYDQFHVLQRXUXQGHUVWDQGLQJRIWKH,/ELRORJ\
 ,QWURGXFWLRQ
7KH,/ UHFHSWRU Ī,/5ī DQG LWV OLJDQG ,/ DUH HVVHQWLDO DQGQRQĥUHGXQGDQWGULYHUVRI7 FHOOGHYHORSPHQWDQG
KRPHRVWDVLV Ĭ     ĭ :KLOH7 FHOOVFULWLFDOO\GHSHQGRQ,/5 VLJQDOOLQJ ,/LWVHOILVQRWH[SUHVVHGE\7 FHOOV
,QVWHDG ,/LVPRVWO\H[SUHVVHGE\VWURPDOFHOOVDQGQRQĥ7 OLQHDJHO\PSKRLGDQGP\HORLGFHOOV Ĭĭ DQGWKHDPRXQW
RI,/SURGXFWLRQLVFRQVLGHUHGWREHGHYHORSPHQWDOO\VHW Ĭ ĭ &RQVHTXHQWO\ ,/VLJQDOOLQJDWWKHVLQJOHFHOOOHYHO
LVSULPDULO\FRQWUROOHGE\,/UHFHSWRUH[SUHVVLRQ DQGVHFRQGDULO\E\,/DYDLODELOLW\LQYLYR 7KXV LQWHUURJDWLQJ
WKHPROHFXODUEDVLVRI,/UHFHSWRUH[SUHVVLRQDQGUHJXODWLRQLVLPSRUWDQWWRXQGHUVWDQGWKHUROHRI,/UHFHSWRU
VLJQDOOLQJLQ7 FHOOLPPXQLW\
7KHIXQFWLRQDO,/UHFHSWRULVFRPSRVHGRIWKH,/ĥVSHFL¿F,/5α FKDLQĪ&'īDQGWKHFRPPRQ γĥFKDLQĪγc RU
&'ī ZKLFKLVVKDUHGZLWKDVHULHVRIRWKHUF\WRNLQHVWKDWLQFOXGH,/ĥ ,/ĥ ,/ĥ ,/ DQG,/ĥ Ĭĭ 6LQFH
γc H[SUHVVLRQLVSUHVXPHGWREHFRQVWLWXWLYHDQGDOVRIRXQGLQVLJQL¿FDQWDPRXQWVRQDOO7 FHOOV Ĭĭ PXFKRIWKH
SDVWDQGFXUUHQW VWXGLHVRI,/VLJQDOOLQJKDYHEHHQ IRFXVHGRQWKH UHJXODWRU\PHFKDQLVPVRI WKH,/5α FKDLQ
1RWDEO\ WKH,/UHFHSWRUKDUERXUVPDQ\XQLTXHIHDWXUHVWKDWFRPSOLFDWHWKHDVVHVVPHQWRI,/5 VLJQDOOLQJDQGLWV
GRZQVWUHDPHɱHFWV $PRQJRWKHUV ,/UHFHSWRUVLJQDOOLQJGRZQĥUHJXODWHVH[SUHVVLRQRILWVRZQUHFHSWRU VRWKDW,/
VLJQDOOLQJOHDGVWRVXSSUHVVLRQRIIXUWKHU,/5 VLJQDOOLQJ Ĭĭ ,QLWLDWLQJVXFKDQHJDWLYHUHJXODWRU\IHHGEDFNLVTXLWH
XQXVXDO EHFDXVHH[SUHVVLRQRIPRVWRWKHUPHPEHUVRIWKH γc UHFHSWRUIDPLO\LVXSĥUHJXODWHGE\WKHLUFRJQDWHF\WRNLQH
VLJQDOV Ĭĭ 5HFHQWVWXGLHVKDYHVKRZQWKDWVXFKXQLTXHEHKDYLRXUSURIRXQGO\DɱHFWVWKHNLQHWLFVDQGPDJQLWXGHRI
,/UHFHSWRUVLJQDOOLQJ DQGWKDWWKLVUHJXODWRU\PHFKDQLVPLVHVVHQWLDOWRPDLQWDLQQRUPDO7 FHOOGHYHORSPHQWDQG
KRPHRVWDVLV Ĭ  ĭ ,QIDFW ,/ĥLQGXFHGGRZQĥUHJXODWLRQRI,/5 SUHYHQWV,/VLJQDOOHG7 FHOOVIURPIXUWKHU
FRQVXPSWLRQRIH[WUDĥFHOOXODU,/ VRWKDWWKHOLPLWHGDPRXQWRIIUHH,/FDQEHVKDUHGDPRQJXQVLJQDOOHG7 FHOOV

6XFKDOWUXLVWLFEHKDYLRXURIWKH,/5 VHHPVUHTXLUHGWRPD[LPLVHWKHVL]HDQGGLYHUVLW\RI WKHSHULSKHUDO7 FHOO
SRRO Ĭĭ +RZHYHU DJUHDWHUXQGHUVWDQGLQJRI WKHTXDQWLWDWLYHDQGTXDOLWDWLYH LPPXQRORJLFDO VLJQDOOLQJHɱHFWV
XQGHUFRQWLQXRXVGHĥVHQVLWLVDWLRQDQGUHĥVHQVLWLVDWLRQRIWKH,/UHFHSWRU UHTXLUHVVWUDWL¿FDWLRQRIWKH,/VLJQDOOLQJ
FRPSRQHQWV :HFRQVLGHUWKDWDVVHVVLQJWKHVHLVVXHVDWWKHPROHFXODU VLQJOHFHOODQGSRSXODWLRQOHYHOVZLOOEHQH¿W
IURPPDWKHPDWLFDOPRGHOOLQJRIWKLVFRPSOH[LPPXQHVLJQDOOLQJSDWKZD\ $GGLWLRQDOO\ ,/5α QRWRQO\LQWHUDFWV
ZLWKLWVOLJDQGEXWDOVRELQGVGLUHFWO\WR γc SURWHLQVLQWKHDEVHQFHRI,/ Ĭ ĭ $VDUHVXOW ,/5α DQG γc FDQ
H[LVWDVDSUHĥDVVRFLDWHG LQDFWLYHUHFHSWRUFRPSOH[RQWKHFHOOPHPEUDQH HYHQSULRUWROLJDQGHQJDJHPHQW Ĭ ĭ
5HFHSWRUSUHĥDVVRFLDWLRQEULQJVLQDFRXSOHRIQHZYDULDEOHVLQWRWKHFLUFXLWU\RI,/5 VLJQDOOLQJ 6LQFHWKH γc FKDLQ
LVDVKDUHGFRPSRQHQWRIPXOWLSOHF\WRNLQHV SUHĥDVVRFLDWLRQRI γc ZLWK,/5α ZRXOGVHTXHVWHUWKH γc FKDLQIURP
DVVRFLDWLRQZLWKRWKHUF\WRNLQHUHFHSWRUV VXFKDV,/5β DQGFRXOG LQWHUIHUHZLWKWKHLU VLJQDOOLQJFDSDELOLW\ LQ
WUDQV 0RUHRYHU ,/5αγc SUHĥDVVRFLDWLRQZRXOGFKDQJHWKH,/ELQGLQJDɷQLW\RI,/5α VR WKDW IUHH,/5α
SURWHLQVZRXOGKDYHORZHU,/DɷQLWLHVWKDQ,/5α FRPSOH[HGZLWK γc %HFDXVHRQWKHFHOOVXUIDFHWKHQXPEHURI
,/5α PROHFXOHVLVWKRXJKWWRYDVWO\RXWQXPEHUWKDWRI γc SURWHLQV Ĭĭ XQGHUVXFKDVFHQDULR WKHUHZRXOGEHWZR
GLɱHUHQWVSHFLHVRI,/5α FKDLQV LH IUHHDQG γcĥFRPSOH[HG RQWKHFHOOVXUIDFH 6LJQL¿FDQWO\ WKHIUHHIRUPZRXOG
EHVLJQDOOLQJĥLQFRPSHWHQWDQGFRXOGDFWDVDQ,/VFDYHQJHU 2QWKHRWKHUKDQG WKH γc SUHĥDVVRFLDWHGIRUPZRXOG
EHVLJQDOOLQJĥFRPSHWHQW EXWRXWQXPEHUHGE\XQĥDVVRFLDWHG,/5α SURWHLQV +RZFHOOXODUH[SRVXUHWR,/ZRXOG
LQLWLDWHVLJQDOOLQJLQFHOOVWKDWH[SUHVVDPL[WXUHRIWZRGLVWLQFWUHFHSWRUVSHFLHVLVDQLPSRUWDQWTXHVWLRQWKDWFRXOG
EHDGGUHVVHGPDNLQJXVHRIWKHPDWKHPDWLFDOPRGHOOLQJPHWKRGVSUHVHQWHGLQWKLVUHYLHZDWWKHPROHFXODU FHOOXODU
DQGSRSXODWLRQVFDOHVĪVHH6HFWLRQ ī
)LQDOO\ HQIRUFHG,/UHFHSWRUH[SUHVVLRQGRHVQRWSURPRWH EXWSDUDGR[LFDOO\ LQKLELWVERWKGHYHORSPHQWDQGKRPHĥ
RVWDVLVRI7 FHOOV Ĭ ĭ :KHWKHUWKLVLVGXHWRH[FHVVLYH,/VLJQDOOLQJRQDSHUFHOOEDVLVWKDWZRXOGEHGHWULPHQWDO
IRUFHOOVXUYLYDO Ĭĭ RUEHFDXVHRIH[FHVVLYH,/FRQVXPSWLRQRQDSRSXODWLRQEDVLV WKDWZRXOGIXUWKHUOLPLW,/
DYDLODELOLW\ Ĭĭ VWLOOQHHGVWREHFODUL¿HG Ĭĭ ,QDGGLWLRQ WKH,/5α FKDLQKDVQRLQWULQVLFVLJQDOOLQJFDSDELOLW\DQG
UHTXLUHVDVVRFLDWLRQZLWKWKHW\URVLQHNLQDVH-$. WKURXJKLWVF\WRVROLFWDLO WRWULJJHUGRZQVWUHDPVLJQDOOLQJ %XW
-$.SURWHLQVDUHXQVWDEOHGXHWRPLFUR51$ FRQWUROOHGSRVWĥWUDQVFULSWLRQDOPHFKDQLVPV DQGWKLVFRXOGSRWHQWLDOO\
OLPLWWKHLUDYDLODELOLW\IRU,/5α Ĭĭ 7KXV LQDGGLWLRQWRWKHH[WUDĥFHOOXODUHYHQWVWKDWFRQWURO,/VLJQDOOLQJDWWKH
OHYHORIUHFHSWRUDQGOLJDQGDVVRFLDWLRQ WKHUROHVRILQWUDĥFHOOXODUFRPSRQHQWVLQWKH,/5 VLJQDOOLQJPDFKLQHU\PXVW
DOVREHFRQVLGHUHGĪVHH6HFWLRQ ī
&ROOHFWLYHO\ LQWHUURJDWLQJKRZWKHVHXQLTXHDVSHFWVRI,/UHFHSWRUVLJQDOOLQJDUHLQWHUZHDYHGLQWKHFRQWURORI7 FHOO
GHYHORSPHQWDQGKRPHRVWDVLVLVHVVHQWLDOWRXQUDYHOWKHEDVLFPHFKDQLVPVWKDWUHJXODWH7 FHOOĥPHGLDWHGLPPXQH
UHVSRQVHVDWERWKWKHVLQJOHFHOODQGSRSXODWLRQOHYHOV &RPSXWDWLRQDODQGPDWKHPDWLFDOPRGHOVRIWKHG\QDPLFDO
LQWHUDFWLRQVEHWZHHQ WKHVHPDQ\HOHPHQWV ĪLPPXQHPROHFXOHV DQGFHOOVīīKDYH WUHPHQGRXVO\ FRQWULEXWHG WRRXU
XQGHUVWDQGLQJRIF\WRNLQHUHFHSWRUVLJQDOOLQJ Ĭ     ĭ DQGTXDQWLWDWLYHDSSURDFKHVDQGWRROVDUHDOVR
HVVHQWLDODQGUHTXLUHGWRGLVVHFWWKHFRQWULEXWLRQRILQGLYLGXDOQRGHVLQWKH,/VLJQDOOLQJSDWKZD\
,QWKLVUHYLHZ ZHKLJKOLJKWWKHFXUUHQWVWDWHRIRXUNQRZOHGJHRIWKHEDVLF,/UHFHSWRUELRORJ\DQGIRFXVRQWKH
UROH,/DQG,/5 KDYHRQPDWXUH&'+ 7 FHOOVDVGULYHUVRIVXUYLYDODQGKRPHRVWDVLV )XUWKHUPRUH ZHGRFXPHQW
UHFHQWDGYDQFHVLQWKHPDWKHPDWLFDODQGFRPSXWDWLRQDOPRGHOOLQJRI,/UHFHSWRUVLJQDOOLQJDQGLWVDSSOLFDWLRQLQ
IXUWKHULQJRXUXQGHUVWDQGLQJRIWKHG\QDPLFVRILPPXQHUHFHSWRUVLJQDOOLQJDWWKHPROHFXODUĪVHH6HFWLRQ ī FHOOXODU
ĪVHH6HFWLRQ īDQGSRSXODWLRQOHYHOVĪVHH6HFWLRQ ī
 ,/UHFHSWRUH[SUHVVLRQDQGIXQFWLRQLQ7 FHOOGHYHORSPHQWDQGKRPHĦ
RVWDVLV
7KHVLJQDOOLQJĥFRPSHWHQW,/UHFHSWRULVDKHWHURĥGLPHULFSURWHLQFRPSOH[ FRPSRVHGRIWKHVSHFL¿F,/5α FKDLQ
DQGWKH γc UHFHSWRU ,QFRQWUDVWWR γc H[SUHVVLRQ ,/5α H[SUHVVLRQLVG\QDPLFDOO\UHJXODWHGGXULQJ7 FHOOGHYHORSĥ
PHQWDQGGLɱHUHQWLDWLRQ VRWKDW,/5α H[SUHVVLRQLVWKHSULPDU\GHWHUPLQDQWRI,/UHVSRQVLYHQHVV Ĭĭ 'XULQJ
WK\PRF\WHGHYHORSPHQW ,/5α LVKLJKO\H[SUHVVHGRQWKHPRVWLPPDWXUH&' &'+ GRXEOHĥQHJDWLYHĪ'1ī FHOOV
EXWWKHQWHUPLQDWHGXSRQGLɱHUHQWLDWLRQLQWR&' &'+ GRXEOHĥSRVLWLYHĪ'3ī FHOOV Ĭ  ĭ ,/5α VLJQDOOLQJ
LVUHTXLUHGLQLPPDWXUH'1 FHOOVWRSURYLGHFULWLFDOSURĥVXUYLYDODQGSUROLIHUDWLYHFXHV Ĭ ĭ +RZHYHU FRQWLQXHG
,/5α H[SUHVVLRQRQ'3 WK\PRF\WHVLVGHWULPHQWDOWR7 FHOOGHYHORSPHQW VLQFHLWZRXOGLQWHUIHUHZLWKVHOHFWLRQ
RID7 FHOOUHFHSWRUĪ7&5īĥGHSHQGHQWLPPXQRFRPSHWHQWUHSHUWRLUH Ĭ ĭ 7KHPROHFXODUPHFKDQLVPWKDWWHUPLĥ
QDWHV,/5α SURWHLQH[SUHVVLRQDQGWUDQVFULSWLRQRQ'3 WK\PRF\WHVLVQRWNQRZQ Ĭĭ ,QWHUHVWLQJO\ WKLVIHDWXUH
LVQRWHYROXWLRQDU\FRQVHUYHG EHFDXVH'3 WK\PRF\WHVLQKXPDQVH[SUHVVUREXVWDPRXQWVRI,/5α SURWHLQV Ĭĭ
1RQHWKHOHVV LPPDWXUH'3 WK\PRF\WHVLQKXPDQVVKRZGUDPDWLFGRZQĥUHJXODWLRQRI γc SURWHLQH[SUHVVLRQ ZKLFK

UHQGHUVWKHVHFHOOV,/XQUHVSRQVLYH Ĭĭ 7KXV VXSSUHVVLRQRI,/5 VLJQDOOLQJLQ'3 WK\PRF\WHVLVDFRPPRQFKDUĥ
DFWHULVWLFLQERWKPLFHDQGKXPDQV EXWWKDWLVDFKLHYHGWKURXJKGLɱHUHQWPHDQV
7&5ĥLQGXFHGSRVLWLYHVHOHFWLRQUHVXOWVLQUHĥH[SUHVVLRQRI,/5α RQERWK&'+ DQG&'+ OLQHDJH7 FHOOV Ĭĭ
&RQFRPLWDQWWR,/5α XSUHJXODWLRQ &'+ OLQHDJHFRPPLWWHGWK\PRF\WHVEHFRPH,/ĥUHVSRQVLYH &'+ OLQHDJH
FRPPLWWHGFHOOV RQWKHRWKHUKDQG UHPDLQ,/XQUHVSRQVLYHGHVSLWHH[SUHVVLQJODUJHDPRXQWVRI,/5α ,QIDFW LWLV
WKHVHOHFWLYHGHĥVHQVLWLVDWLRQRIF\WRNLQHUHFHSWRUVLQ&'+ OLQHDJHFHOOVWKDWGHWHUPLQHV&'&'+ OLQHDJHFKRLFH
LQWKHWK\PXVDQGLPSRVHV&'+ OLQHDJHFKRLFH Ĭĭ 0HFKDQLVWLFDOO\ LWZDVUHFHQWO\GHPRQVWUDWHGWKDWH[SUHVVLRQ
RIWKH&'+ OLQHDJHĥVSHFL¿FWUDQVFULSWLRQIDFWRU7K32. LQGXFHVH[SUHVVLRQRI6XSSUHVVRU2I&\WRNLQH6LJQDOOLQJ
Ī62&6ī JHQHV ZKLFKLQWXUQVXSSUHVVHV,/5 VLJQDOOLQJWRSUHYHQWXSĥUHJXODWLRQRIWKH&'ĥVSHFLI\LQJWUDQVFULSWLRQ
IDFWRU5XQ[ Ĭĭ 7KXV VXUIDFH,/5α H[SUHVVLRQGRHVQRWQHFHVVDULO\JXDUDQWHHSURGXFWLYH,/5 VLJQDOOLQJ $ORQJ
WKLVOLQH F\WRNLQHUHFHSWRUGHĥVHQVLWLVDWLRQLVDQRWKHUPHFKDQLVPWKDWQHHGVWREHFRQVLGHUHGWRXQGHUVWDQG,/
UHFHSWRUVLJQDOOLQJ
0XOWLSOHPHFKDQLVPVKDYHEHHQSURSRVHGWRLQGXFHGHĥVHQVLWLVDWLRQRI,/5α VLJQDOOLQJ 3HUVLVWHQW7&5 VLJQDOOLQJ
WKDWOHDGVWRGHVWDELOLVDWLRQRI,/5αĥDVVRFLDWHG-$.H[SUHVVLRQ RUXSĥUHJXODWLRQRI62&6H[SUHVVLRQWRLQKLELW
-$. NLQDVHDFWLYLW\ DQGSURWHRO\WLFFOHDYDJHRIWKH γc FKDLQF\WRVROLFWDLOE\WKHF\VWHLQHSURWHDVH FDOSDLQ DUHVRPH
RIWKHSURSRVHG DQGQRWQHFHVVDULO\PXWXDOO\H[FOXVLYH PHFKDQLVPV Ĭ  ĭ 'XULQJWK\PRF\WHGLɱHUHQWLDWLRQ
UHJDLQLQJ,/UHVSRQVLYHQHVVLVFULWLFDOIRU&'+ VLQJOHSRVLWLYHĪ63ī WK\PRF\WHJHQHUDWLRQEHFDXVHLPSDLUHG,/
VLJQDOOLQJ HLWKHUE\HQIRUFHGH[SUHVVLRQE\62&6RUE\FRQGLWLRQDOGHOHWLRQRI,/5α LQSUHĥVHOHFWLRQWK\PRF\WHV
UHVXOWHGLQSURIRXQGO\LPSDLUHGJHQHUDWLRQRI&'+ OLQHDJHFHOOV Ĭ  ĭ 7KHSUHUHTXLVLWHIRU,/VLJQDOOLQJLQ
&'+ FHOOVLVPRVWO\GXHWRD67$7UHTXLUHPHQW ZKLFKXSĥUHJXODWHVH[SUHVVLRQRI5XQ[DQGLQGXFHVH[SUHVVLRQRI
DVHULHVRISURĥVXUYLYDOPROHFXOHV LQFOXGLQJ%FOĥDQG0FOĥ Ĭ ĭ +RZHYHU ,/DOVRDFWLYDWHVRWKHUGRZQVWUHDP
VLJQDOOLQJSDWKZD\V VXFKDV3,ĥ. DQG1)$7F ZKLFKFRQWULEXWHWRFHOOVXUYLYDOE\XSĥUHJXODWLRQRIDQWLĥDSRSWRWLF
PROHFXOHVDQGWURSKLFIDFWRUV LQFOXGLQJH[SUHVVLRQRIWKHJOXFRVHWUDQVSRUWHUĥ Ĭ  ĭ
8SRQWKHLUJHQHUDWLRQLQWKHWK\PXV 7 FHOOVPRYHRXWWRSHULSKHUDOWLVVXHVEXWWKH\UHPDLQDGGLFWHGWR,/WKURXJKĥ
RXWWKHLUOLIH 7KXV PDLQWDLQLQJKLJKOHYHOVRI,/5α H[SUHVVLRQRQPDWXUH7 FHOOVLVFULWLFDOIRU7 FHOOVXUYLYDO +RZĥ
HYHU WKHUHJXODWRU\PHFKDQLVPRI,/5α WUDQVFULSWLRQLVTXLWHGLVWLQFWEHWZHHQWK\PRF\WHVDQGSHULSKHUDO7 FHOOV
3UHYLRXVO\ DQHYROXWLRQDU\FRQVHUYHGHQKDQFHUHOHPHQW &16 KDGEHHQLGHQWL¿HGWKDWVLWVNEXSVWUHDPRIWKH
,/5α SURPRWHU Ĭĭ DQGZKLFKZDVIRXQGWREHFRQWUROOHGE\PXOWLSOHIDFWRUV LQFOXGLQJ)R[2DQG)R[S DVZHOO
DVJOXFRFRUWLFRLGV Ĭ  ĭ 5HPDUNDEO\ GHOHWLRQRI&16UHVXOWHGLQGUDPDWLF ORVVRI,/5α H[SUHVVLRQDQG
VLJQL¿FDQWO\ UHGXFHG7 FHOOQXPEHUVLQWKHSHULSKHU\ EXWGLGQRWDɱHFW,/5α H[SUHVVLRQRQWK\PRF\WHVRUGHĥ
FUHDVHGWK\PLFFHOOXODULW\ Ĭĭ 7KHVHUHVXOWVVXJJHVWHGWKHXVHRIGLVWLQFWPROHFXODUPHFKDQLVPVWRFRQWURO,/5α
FKDLQH[SUHVVLRQRQLPPDWXUHDQGPDWXUH7 FHOOV DQGDOVRHFKRSUHYLRXVREVHUYDWLRQVRIGLɱHUHQW,/5α UHJXODWRU\
PHFKDQLVPVEHWZHHQ&'+ DQG&'+ 7 FHOOV Ĭ ĭDQGDOVR% DQG7 OLQHDJHFHOOV Ĭ ĭ 7KXV ,/5α H[SUHVVLRQ
LVUHJXODWHGLQDKLJKO\VSHFL¿FPDQQHU GHSHQGLQJRQWKHGHYHORSPHQWDOVWDJHDQGSRVVLEO\DOVRRQWKHDFWLYDWLRQ
VWDWXVRI7 FHOOV
 5HJXODWLRQRI,/UHFHSWRUH[SUHVVLRQ
$ GLVWLQJXLVKLQJIHDWXUHRI,/5α IURPRWKHUF\WRNLQHUHFHSWRUVRIWKH γc IDPLO\LVWKHGRZQĥUHJXODWLRQRILWVRZQ
H[SUHVVLRQE\FRJQDWHF\WRNLQHVLJQDOOLQJ Ĭĭ ,QIDFW QRWRQO\,/ EXWRWKHU γc F\WRNLQHVDOVRWUDQVFULSWLRQDOO\VXSĥ
SUHVV,/5α Ĭ ĭ ,/ĥLQGXFHGGRZQĥUHJXODWLRQRI,/5α H[SUHVVLRQLVIXUWKHUDFFHOHUDWHGE\UDSLGHQGRF\WRVLV
DQGGHJUDGDWLRQRI,/ĥDVVRFLDWHG,/5α SURWHLQV VRWKDW,/LQGXFHVDQHJDWLYHUHJXODWRU\IHHGEDFNORRSIRU,/
UHFHSWRUVLJQDOOLQJ Ĭ ĭ &RQVLGHULQJWKHFULWLFDOUROHRI,/LQ7 FHOOVXUYLYDODQGWKHOLPLWHGDYDLODELOLW\RI,/
LQYLYR LWVHHPVSDUDGR[LFDOWKDW,/VLJQDOOLQJZRXOGWHUPLQDWHIXUWKHU,/VLJQDOOLQJ
7ZRGLVWLQFWEXWQRWPXWXDOO\H[FOXVLYHK\SRWKHVHVKDYHEHHQSXW IRUZDUGWRH[SODLQ WKHVHOIĥOLPLWLQJQDWXUHRI
,/UHFHSWRUVLJQDOOLQJRQ7 FHOOV 7KH¿UVWPRGHOSURSRVHVWKDW7 FHOOVFRQVWUDLQ,/VLJQDOOLQJDQGFRQVXPSWLRQ
WRPD[LPLVHWKHXVHRI OLPLWHGH[WUDĥFHOOXODU,/DQGWRPDLQWDLQFORQDOGLYHUVLW\RIWKHPDWXUHSHULSKHUDO7 FHOO
SRRO Ĭĭ %\SUHYHQWLQJH[FHVVFRQVXPSWLRQRI,/DQGFORQDORXWJURZWKRI7 FHOOVWKDWKDYHEHWWHUDFFHVVWR,/ RQ
DSRSXODWLRQEDVLV ,/ĥLQGXFHG,/5α GRZQĥUHJXODWLRQZRXOGPD[LPLVHWKHVL]HRIWKH7 FHOOSRRO ZKLOHPDLQWDLQLQJ
DKLJKGHJUHHRI7&5 FORQDOGLYHUVLW\ 7KXV ,/5α GRZQĥUHJXODWLRQZRXOGEHEHQH¿FLDOIRUDSRSXODWLRQ EXWQRW
IRULQGLYLGXDO7 FHOOVSHUVH &RQWUDU\WRWKLVLGHD WKHVHFRQGPRGHOSURSRVHVWKDWVXVWDLQHG,/VLJQDOOLQJZRXOG
EHGHWULPHQWDOIRULQGLYLGXDO7 FHOOV DQGWKDWWHUPLQDWLRQRISURORQJHG,/VLJQDOOLQJLVQHFHVVDU\IRUVXUYLYDO ,Q
IDFW LQYLYRWUDQVIHUH[SHULPHQWVDQGLQYLWURSUROLIHUDWLRQDVVD\VZLWK,/5α WUDQVJHQLF7 FHOOVGHPRQVWUDWHGWKDW
WKHLQDELOLW\WRGRZQĥUHJXODWH,/5α H[SUHVVLRQUHVXOWHGLQF\WRNLQHĥLQGXFHGFHOOGHDWKRI7 FHOOV Ĭĭ 6SHFL¿FDOO\
FRQWLQXRXV,/5 VLJQDOOLQJ LQ&'+ 7 FHOOVUHVXOWHGLQWKHLUXQFRQWUROOHGSUROLIHUDWLRQDQGUDSLGGLɱHUHQWLDWLRQ

LQWRHɱHFWRUF\WRO\WLF7 FHOOV WKDWSURGXFHG ODUJHDPRXQWVRI LQWHUIHURQVDQG LQGXFHGFHOOGHDWK ,QDJUHHPHQW
,/5αĥWUDQVJHQLFPLFHDOVRFRQWDLQDVLJQL¿FDQWO\UHGXFHGVL]HRI7 FHOOSRROLQWKHSHULSKHU\ Ĭ ĭ
7KHPROHFXODUPHFKDQLVPVWKDWOHDGWRVXSSUHVVLRQRI,/5α H[SUHVVLRQKDYHEHHQDVVHVVHG DQGDWOHDVWIRU&'+
7 FHOOV LWZDVIRXQGWREHGHSHQGHQWRQWKH]LQF¿QJHUWUDQVFULSWLRQIDFWRU*¿ Ĭĭ &'+ 7 FHOOVLQ*¿ĥGH¿FLHQW
PLFHH[SUHVVHGKLJK OHYHOVRI ,/5α ZKLOH&'+ 7 FHOOV LQ*¿ĥWUDQVJHQLFPLFH VKRZHG UHGXFHG,/5α WUDQĥ
VFULSWLRQDQGH[SUHVVLRQ Ĭ ĭ 7KHFHOOXODUIDFWRUVWKDWFRQWURO,/5α VXSSUHVVLRQLQ&'+ 7 FHOOVDUHOHVVZHOO
NQRZQ %XWUHSRUWHGO\ WKHIRUNKHDGER[IDPLO\WUDQVFULSWLRQIDFWRU)R[SGRZQĥUHJXODWHV,/5α H[SUHVVLRQRQ
)R[S+ 7 UHJXODWRU\&'+ 7 FHOOV Ĭĭ DQG)R[SFDQVXSSUHVV,/5α E\DQWDJRQLVLQJ)R[R Ĭĭ 7KHSUHFLVH
WUDQVFULSWLRQDOSDWKZD\WKDWFRQWUROV,/5α GRZQVWUHDPRI,/DQGRWKHUF\WRNLQHVLJQDOVUHPDLQVWREHPDSSHG
 ,/UHFHSWRUVLJQDOOLQJ
%RWK,/5α DQG γc FKDLQVODFNLQWULQVLFNLQDVHDFWLYLWLHV 5DWKHU WKH\UHTXLUHDFWLYDWLRQRIWKHW\URVLQHNLQDVHV-$.
DQG-$. ZKLFKDUHFRQVWLWXWLYHO\DVVRFLDWHGZLWKWKHF\WRVROLFWDLOVRI,/5α DQG γc UHVSHFWLYHO\ WRWUDQVGXFH,/
VLJQDOOLQJ Ĭĭ 8SRQOLJDQGĥLQGXFHG,/5αγc KHWHURĥGLPHULVDWLRQ -$.DQG-$.WUDQVĥDFWLYDWHHDFKRWKHU DQG
VXEVHTXHQWO\SKRVSKRU\ODWHWKHLQWUDFHOOXODUWDLORI,/5α 7KHUHDUHWKUHHFRQVHUYHGW\URVLQHUHVLGXHVLQWKH,/5α
F\WRVROLFGRPDLQ EXWW\URVLQHLVWKHPDMRUVXEVWUDWHRI,/5α SKRVSKRU\ODWLRQ Ĭĭ 3KRVSKRU\ODWLRQRI,/5α
7\UOHDGVWRWKHFUHDWLRQRI67$7DQG3,ĥĥNLQDVHELQGLQJVLWHV UHVXOWLQJLQWKHUHFUXLWPHQWDQGVXEVHTXHQW
SKRVSKRU\ODWLRQDQGDFWLYDWLRQRIWKHVHIDFWRUV Ĭ ĭ
'XHWRWKHLUGLVWLQFWOLJDQGELQGLQJDɷQLWLHVDQGDVVRFLDWLRQZLWKGLɱHUHQW-$. PROHFXOHV WKHLQGLYLGXDOFRQWULEXĥ
WLRQRIHDFK,/5 VXEXQLWWR,/VLJQDOOLQJDOVRGLɱHUV 7KH γc FKDLQFRQWULEXWHVWR,/UHFHSWRUVLJQDOOLQJWKURXJK
WZRPDMRU DFWLYLWLHV )LUVWO\ LW VHUYHV WREULQJ -$. LQWR WKH UHFHSWRU VLJQDOOLQJ FRPSOH[ ZKLFK WUDQVĥDFWLYDWHV
,/5αĥERXQG-$. Ĭĭ 6HFRQGO\ γc GUDPDWLFDOO\LQFUHDVHVWKHDɷQLW\RIWKH,/UHFHSWRUFRPSOH[IRU,/ ,Q
WKHDEVHQFHRI γc ,/5α ELQGV,/ZLWKDORZDɷQLW\ ĬĭĪKd = 2.4 × 10−10 0ī+RZHYHU LQFOXVLRQRI γc VLJĥ
QL¿FDQWO\ LQFUHDVHVWKHDɷQLW\IRU,/ĪKd = 4 × 10−11 0īZKLFKUHVXOWV LQWKHSUHIHUHQWLDOFDSWXUHRI,/E\
VLJQDOOLQJĥFRPSHWHQW,/UHFHSWRUVFRPSDUHGWRVLJQDOOLQJĥLQFRPSHWHQW γcĥIUHH,/5α FKDLQSURWHLQV :KHWKHU
WKHKLJKDɷQLW\,/5αγc FRPSOH[LVRQO\IRUPHGXSRQOLJDQGELQGLQJ RUZKHWKHUVXFKKLJKDɷQLW\,/UHFHSWRU
FRXOGEHDOUHDG\DVVHPEOHGDQGH[SUHVVHGRQWKHFHOOVXUIDFHLVFXUUHQWO\DPXFKĥGHEDWHGLVVXHLQF\WRNLQHELRORJ\
7KHFRQYHQWLRQDOYLHZSRVLWVWKDWWKH,/5αγc FRPSOH[LVIRUPHGE\VWHSZLVHDVVHPEO\WKDWLVWULJJHUHGE\,/
ELQGLQJWRWKH,/5α FKDLQ Ĭĭ ,QWKLVPRGHO WKH,/5α DQG γc SURWHLQVDUHGLɱXVHO\GLVWULEXWHGLQWKHSODVPD
PHPEUDQHSULRUWROLJDQGHQJDJHPHQW 8SRQ,/VWLPXODWLRQ ,/5α ELQGV,/ZLWKORZDɷQLW\DQGXQGHUJRHVD
FRQIRUPDWLRQDOFKDQJHWKDWDWWUDFWVWKH γc FKDLQ ZKLFKLQWXUQVWDELOLVHV,/ELQGLQJ WRLQLWLDWH,/5 VLJQDOOLQJ
7KHIRUPDWLRQRIDKHWHURĥWULPHULFFRPSOH[RI,/,/5αγc EULQJVWKHLQWUDĥFHOOXODUWDLOVRI,/5α DQG γc LQWR
SUR[LPLW\ ZKLFKMX[WDSRVLWLRQVDQGDFWLYDWHV-$.DQG-$.WRLQLWLDWHGRZQVWUHDPVLJQDOOLQJ
,QDQDOWHUQDWLYHYLHZ LWKDVEHHQSURSRVHG WKDW ,/5α DQG γc FDQELQGHYHQ LQ WKHDEVHQFHRI ,/ VR WKDW γc
SURWHLQVDUHDOUHDG\VHTXHVWHUHGDQGDVVRFLDWHGZLWK,/5α Ĭ ĭ ,QIDFW FU\VWDOORJUDSKLFVWXGLHVRIWKH,/5αγc
UHFHSWRUFRPSOH[SRVWXODWHGWKDW,/5α DQG γc SURWHLQVH[LVWDVSUHĥIRUPHG LQDFWLYHUHFHSWRUFRPSOH[HVSULRUWR
OLJDQGHQJDJHPHQW Ĭĭ ,QWKLVPRGHO OLJDQGĥIUHH,/5α DQG γc DVVRFLDWHLQD³KHDGĥWRĥKHDG´FRQ¿JXUDWLRQWKDW
SXVKHVDZD\WKHWUDQVĥPHPEUDQHGRPDLQVDQGLQWUDĥFHOOXODUWDLOVRI,/5α DQG γc DQGWKXV SUHYHQWVVSRQWDQHRXV
OLJDQGĥLQGHSHQGHQWDFWLYDWLRQRI-$.DQG-$. 8SRQ,/ELQGLQJ KRZHYHU WKHSUHĥDVVRFLDWHG,/5αγc FRPSOH[
XQGHUJRHVDFRQIRUPDWLRQDOFKDQJHWKDWHUHFWVWKHUHFHSWRUFRPSOH[DQGEULQJVWKHLQWUDĥFHOOXODUWDLOVRI,/5αγc
LQWRFORVHSUR[LPLW\DQGLQLWLDWHVGRZQVWUHDPVLJQDOOLQJ Ĭĭ
&XUUHQWO\ LWLVQRWFOHDUZKLFKRQHRIWKHVHVWUDWHJLHVLVHPSOR\HGE\7 FHOOVIRU,/UHFHSWRUVLJQDOOLQJ 'LUHFWELQGLQJ
RI,/5α WR γc SURWHLQVRQWKHFHOOVXUIDFHFRXOGEHSRWHQWLDOO\YLVXDOLVHGDQGTXDQWL¿HGE\)5(7 Ī)OXRUHVFHQFH
5HVRQDQFH(QHUJ\7UDQVIHUīPLFURVFRS\ $OWHUQDWLYHO\ PHWKRGVVXFKDV3/$ Ī3UR[LPLW\/LJDWLRQ$VVD\VīFRXOGEH
DOVRHPSOR\HGWRGHPRQVWUDWHSUHĥDVVHPEO\RI γc ZLWK,/5α Ĭĭ $WOHDVWLQKXPDQ&'+ 7 FHOOV ,/5α FRXOGEH
FRĥLPPXQRSUHFLSLWDWHGZLWK γc LQWKHDEVHQFHRI,/ ZKLFKLVLQVXSSRUWRIWKH,/5αγc SUHĥDVVRFLDWLRQPRGHO Ĭĭ
:KHWKHUDVWHSZLVHDVVHPEO\PRGHO ZKHUHLQLWLDOO\DOOVXUIDFH,/UHFHSWRUVKDYHWKHVDPHDɷQLW\WR,/ RUWKH
SUHĥDVVHPEO\PRGHO ZKHUHWZRFODVVHVRI,/UHFHSWRUH[LVWDQGWKHIXQFWLRQDOO\FRPSHWHQW,/5αγc FRPSOH[HV
ZRXOGRXWĥFRPSHWH ORZDɷQLW\ ,/5α UHFHSWRUV ZRXOGEHPRUHELRORJLFDOO\PHDQLQJIXO LVQRW FOHDU +RZHYHU
ZHFRQVLGHUWKLVTXHVWLRQSUHFLVHO\DQDUHDZKHUHPDWKHPDWLFDOPRGHOOLQJFDQEHHPSOR\HGLQWKHQHDUIXWXUHWR
FRPSDUHDQGWHVWWKHVHGLɱHUHQWK\SRWKHVHVĪRUPHFKDQLVPVīWRJHWKHUZLWKHPSLULFDOGDWD 7KXV LQWKHIROORZLQJ
VHFWLRQ ZHLOOXVWUDWHWKHSRZHURIDTXDQWLWDWLYHPDWKHPDWLFDODSSURDFKE\PRGHOOLQJWKHPROHFXODUUHJXODWLRQRI
,/5 VLJQDOOLQJXQGHUWKHVFHQDULRZKHUHWZRKRPHRVWDWLF γc IDPLO\F\WRNLQHV QDPHO\,/DQG,/ FRPSHWHIRUWKH
γc FKDLQĪVHH6HFWLRQ ī $WWKHVLQJOHFHOOOHYHO ZHTXDQWLI\WKHHɱHFWRIWKHDOWUXLVWLFK\SRWKHVLVRQWKHQXPEHURI

,/5 PROHFXOHVH[SUHVVHGRQWKHPHPEUDQHRI7 FHOOVĪVHH6HFWLRQ ī )LQDOO\ DWWKHSRSXODWLRQVFDOH ZHPRGHOWKH
KHWHURJHQHLW\RI7 FHOOUHVSRQVHVWR,/VWLPXODWLRQREVHUYHGLQ5HI Ĭĭ ZKHUH,/DYDLODELOLW\DQGWKHH[LVWHQFHRI
VXUYLYDODQGSUROLIHUDWLRQWKUHVKROGVFDQLQÀXHQFHWKHSRSXODWLRQG\QDPLFVRI,/GHSHQGHQW7 FHOOVĪVHH6HFWLRQ ī
 0DWKHPDWLFDOPRGHOVDWWKHPROHFXODU FHOOXODUDQGSRSXODWLRQOHYĦ
HOV
 0DWKHPDWLFDOPRGHODWWKHPROHFXODUOHYHO
$WWKHPROHFXODUOHYHO ZHDUHLQWHUHVWHGLQXQGHUVWDQGLQJWKHUROHRIVKDUHGFRPSRQHQWVLQLPPXQHVLJQDOOLQJ Ĭĭ
,QWKHFDVHRI,/5 VLJQDOOLQJ D¿UVWVKDUHGFRPSRQHQWLVWKH γc FKDLQ ZKLFKLVSDUWRIWKHKHWHURĥGLPHULFUHFHSWRUV
,/5 DQG,/5 ĪVHH)LJ ī 7KH γc FKDLQLVDOVRSDUWRIWKHKHWHURĥWULPHULFUHFHSWRU,/5 Ĭĭ ,QWKLVUHYLHZ ZH
KDYHFKRVHQWRFRQVLGHUWKH,/5 DVDVKDUHGFRPSRQHQWRIWKH,/VLJQDOOLQJSDWKZD\ VLQFHWKHUHDOUHDG\H[LVWVD
VLJQL¿FDQWPDWKHPDWLFDOHɱRUWWRGHVFULEHWKH,/5 RQH Ĭ    ĭ
/HWXVQRZGHVFULEHWKHVKDUHGHOHPHQWVRI,/5 DQG,/5,QSULQFLSOH WKH γc UHFHSWRUVXEXQLWFDQELQGWRHLWKHU
WKH,/5α RU,/5β FKDLQV IRUPLQJWZRGLɱHUHQWKHWHURĥGLPHULFUHFHSWRUVIRU,/DQG,/ UHVSHFWLYHO\

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)LJXUH  $QH[DPSOHRIVKDUHGPROHFXODUFRPSRQHQWVLQLPPXQHVLJQDOOLQJ FRPSHWLWLRQIRUWKH γc FKDLQE\WKH
,/5α DQG,/5β FKDLQVĪDGDSWHGIURP5HI Ĭĭī
$OWKRXJK γc FRQWULEXWHVZLWKWKHVDPHVWRLFKLRPHWU\WRHDFKKHWHURĥGLPHULFUHFHSWRUĪ,/5 DQG,/5īRQO\ZKHQ
WKHWULPHULFFRPSOH[,/,/5αγc LVLQWHUQDOLVHG GRZQVWUHDPVLJQDOOLQJLVLQLWLDWHG DVGLVFXVVHGLQ6HFWLRQ  ĪLQ
6HFWLRQ  ZHGLVFXVVUHFHSWRULQWHUQDOLVDWLRQLQJUHDWHUGHWDLOIURPDPDWKHPDWLFDOPRGHOOLQJSHUVSHFWLYHī 7KXV
WKHSUHVHQFHRI,/FDQ LQGLUHFWO\ VHTXHVWHU γc DQG UHGXFH,/5 VLJQDOOLQJ 1RWHWKDWZHGHQRWHE\,/5WKH
KHWHURĥGLPHULFUHFHSWRUFRPSRVHGRIRQHPROHFXODUXQLWRI γc DQGRQHPROHFXODUXQLWRI,/5α DQGE\,/5WKH
KHWHURĥGLPHULFUHFHSWRUFRPSRVHGRIRQHPROHFXODUXQLWRI γc DQGRQHPROHFXODUXQLWRI,/5β ,QWKLVFRQWH[W LW
LVLPSRUWDQWWRUHIHUWRWKHUHFHQWZRUNE\WKHJURXSVRI. & *DUFtDDQG, 0RUDJD ZKRKDYHEHHQDEOHWRHQJLQHHU
V\QWKHNLQHV QDPHO\ HQJLQHHUHG OLJDQGV WKDWSURGXFH³XQQDWXUDO´UHFHSWRUSDLULQJV \HWDFWLYDWHGLVWLQFWVLJQDOOLQJ
SURJUDPPHV Ĭĭ ,Q)LJ  ZHVKRZRQHVXFKSRWHQWLDOV\QWKHNLQH IRUPHGE\,/DQG,/ DQGGHQRWHG,/
,QWKLVSDSHU ZHGRQRWFRQVLGHU OLJDQGĥLQGXFHGUHFHSWRUGLPHULVDWLRQĪIRUVLPSOLFLW\ DQGDVVXPHERWKUHFHSWRU
FKDLQVKDYHDOUHDG\IRUPHGWKHKHWHURĥGLPHULFUHFHSWRUEHIRUHOLJDQGELQGLQJī DOWKRXJK LWPD\EHUHOHYDQWIRUVRPH
FRPELQDWLRQVRI γc DQGF\WRNLQHUHFHSWRUV Ĭĭ

 0DWKHPDWLFDOPRGHO
)ROORZLQJ5HI Ĭĭ ZHPRGHOWKHG\QDPLFVRIIUHH,/DQG,/F\WRNLQHVĪRUOLJDQGVī WKHUHFHSWRUVXEXQLWV γc
,/5α DQG,/5β DQGWKHĪFRPSOH[īKHWHURĥGLPHULFUHFHSWRUV,/5 DQG,/5HLWKHUERXQGRUXQERXQGWRWKHLU
UHVSHFWLYHOLJDQGV :HQRWHWKDWLQWKLVUHYLHZ ZHGRQRWFRQVLGHUWKHSUHVHQFHRIV\QWKHWLFOLJDQG,/ :HFRQĥ
VLGHUWKHPROHFXODUUHDFWLRQVGHVFULEHGLQ)LJ  ZKLFKLQFOXGHWKHDVVRFLDWLRQDQGGLVVRFLDWLRQRIGLɱHUHQWUHFHSWRU
FKDLQV DVZHOODVWKHDVVRFLDWLRQDQGGLVVRFLDWLRQRIOLJDQGĪ,/RU,/īWRWKHKHWHURĥGLPHULFUHFHSWRUV,/5 DQG
,/5UHVSHFWLYHO\ :HDUHLQWHUHVWHGLQXQGHUVWDQGLQJKRZWKHFRQFHQWUDWLRQVRIWKHVHPROHFXODUVSHFLHVHYROYHLQ
WLPH 7KLVLVGHVFULEHGLQ5HI ĬĭE\WKHIROORZLQJV\VWHPRIRUGLQDU\GLɱHUHQWLDOHTXDWLRQVĪ2'(Vī
dĬ,/5αĭ
dt
= −kf,1Ĭ,/5αĭĬγFĭ + kr,1Ĭ,/5ĭu ,
dĬ,/5βĭ
dt
= −kf,2Ĭ,/5βĭĬγFĭ + kr,2Ĭ,/5ĭu ,
dĬγFĭ
dt
= −kf,1Ĭ,/5αĭĬγFĭ + kr,1Ĭ,/5ĭu − kf,2Ĭ,/5βĭĬγFĭ + kr,2Ĭ,/5ĭu ,
dĬ,/5ĭu
dt
= kf,1Ĭ,/5αĭĬγFĭ− kr,1Ĭ,/5ĭu − kf,3Ĭ,/ĭĬ,/5ĭu + kr,3Ĭ,/5ĭb ,
dĬ,/5ĭu
dt
= kf,2Ĭ,/5βĭĬγFĭ− kr,2Ĭ,/5ĭu − kf,4Ĭ,/ĭĬ,/5ĭu + kr,4Ĭ,/5ĭb ,
dĬ,/5ĭb
dt
= kf,3Ĭ,/ĭĬ,/5ĭu − kr,3Ĭ,/5ĭb ,
dĬ,/5ĭb
dt
= kf,4Ĭ,/ĭĬ,/5ĭu − kr,4Ĭ,/5ĭb .
dĬ,/ĭ
dt
= −kf,3Ĭ,/ĭĬ,/5ĭu + kr,3Ĭ,/5ĭb ,
dĬ,/ĭ
dt
= −kf,4Ĭ,/ĭĬ,/5ĭu + kr,4Ĭ,/5ĭb .
7KHVHHTXDWLRQVFDQEHVROYHGIRUGLɱHUHQW LQLWLDOFRQGLWLRQVRI OLJDQGFRQFHQWUDWLRQRI,/DQG,/ DVZHOODV
GLɱHUHQWQXPEHURIUHFHSWRUFKDLQVĪγc ,/5α DQG,/5βī ĬĭĪVHH7DEOH ī 7KHWDEOHEHORZSURYLGHVWKHYDOXHV
RIWKHDVVRFLDWLRQDQGGLVVRFLDWLRQUDWHVFRQVLGHUHGLQWKHPRGHO Ĭĭ DQGWKHGLɱHUHQWLQLWLDOFRQGLWLRQVWKDWKDYH
EHHQFRQVLGHUHG
SDUDPHWHU YDOXH XQLWV
ρ ĪFHOOGHQVLW\ī 105 FHOOVµ/
Ĭ,/ĭ(t = 0) 10−1 − 103 Q0
Ĭ,/ĭ(t = 0) 10−1 − 103 Q0
Ĭ,/5αĭ(t = 0) 103 FHOO−1
Ĭ,/5βĭ(t = 0) 103 FHOO−1
ĬγFĭ(t = 0) 10− 105 FHOO−1
kf,1  Q0−1PLQ−1
kr,1  PLQ−1
kf,2  Q0−1PLQ−1
kr,2  PLQ−1
kf,3  Q0−1PLQ−1
kr,3  PLQ−1
kf,4  Q0−1PLQ−1
kr,4  PLQ−1
7DEOH  6XPPDU\RISDUDPHWHUVXVHGLQWKHPROHFXODUPRGHORI6HFWLRQ  3DUDPHWHUYDOXHVKDYHEHHQWDNHQIURP
5HI Ĭĭ
,Q)LJ  ĪOHIWSORWīZHVKRZWKHHɱHFWRIWKHLQLWLDOFRQFHQWUDWLRQRI,/ Ĭ,/ĭ(t = 0) RQWKHVWHDG\VWDWHYDOXHRI

WKHUHODWLYHIUDFWLRQRIERXQG,/UHFHSWRUV Ĭ,/5ĭb GH¿QHGDVIROORZV
f7 = OLP
t→+∞
Ĭ,/5ĭb(t)
Ĭ,/5ĭb(t) + Ĭ,/5ĭb(t)
. Īī
)LJ  ĪPLGGOHSORWī VKRZVWKHHɱHFWRIWKH LQLWLDOFRQFHQWUDWLRQRI,/ Ĭ,/ĭ(t = 0) RQ f7 :HQRWHWKDW f7
GHFUHDVHVDV WKH LQLWLDO FRQFHQWUDWLRQRI Ĭ,/ĭ(t = 0) LQFUHDVHV DVH[SHFWHG 7KHJUHHQFXUYH LQ)LJ  FDQEH
UHSURGXFHGXVLQJWKHODQJXDJH%LR1HW*HQ Ĭ  ĭDQGWKH OLVWLQJ LQ$SSHQGL[ $ 0LQLPDOPRGL¿FDWLRQVRI
WKHFRGHZLOODOORZWKHUHDGHUWRREWDLQWKHUHVWRIWKHSORWVLQ)LJ  )LQDOO\ WKHULJKWSORW VKRZVIRUDQLQLWLDO
FRQFHQWUDWLRQRI Ĭ,/ĭ = 9.5Q0 ĪWKH,/FRQFHQWUDWLRQWKDW\LHOGV Ĭ,/5ĭb = Ĭ,/5ĭb DWVWHDG\VWDWHī WKHHɱHFWRIWKHLQLWLDOYDOXHRI γc FKDLQH[SUHVVLRQRQWKHVWHDG\VWDWHYDOXHVRI Ĭ,/5ĭb DQG Ĭ,/5ĭb
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)LJXUH  /HIWSORW IUDFWLRQRIERXQG Ĭ,/5ĭb f7 DVGH¿QHGE\(T Īī IRUGLɱHUHQWYDOXHVRIWKHLQLWLDOFRQFHQWUDWLRQRI Ĭ,/ĭ(t = 0) 'LɱHUHQWFRORXUVFRUUHVSRQGWRGLɱHUHQWYDOXHVRIWKHLQLWLDOFRQFHQWUDWLRQRI Ĭ,/ĭ(t = 0) DV
VKRZQLQWKHOHJHQG 0LGGOHSORW IUDFWLRQRIERXQG Ĭ,/5ĭb f7 DVLQWKHOHIWSDQHO EXWDVDIXQFWLRQRIWKHLQLWLDOFRQFHQWUDWLRQRI Ĭ,/ĭ(t = 0) 5LJKWSORW VWHDG\VWDWHYDOXHVIRUWKHERXQGFRPSOH[HV Ĭ,/5ĭb DQG Ĭ,/5ĭb DVDIXQFWLRQRIWKHLQLWLDO γc FKDLQH[SUHVVLRQ γc(t = 0) 7KHSDUDPHWHUVKDYHEHHQWDNHQIURP5HI ĬĭDQGKDYHEHHQ
VXPPDULVHGLQ7DEOH 
 0DWKHPDWLFDOPRGHODWWKHFHOOXODUOHYHO
7KHUROHRIWKH,/UHFHSWRULQ7 FHOOGHYHORSPHQW KRPHRVWDVLVDQGGLɱHUHQWLDWLRQKDVEHHQZLGHO\VWXGLHGDQG
UHFRJQLVHG Ĭ ĭ ,/5α FHOOVXUIDFHH[SUHVVLRQRQ7 FHOOVLVGRZQĥUHJXODWHGRQFHD7 FHOOKDVUHFHLYHGHQRXJK
VXUYLYDOVLJQDOVPHGLDWHGE\,/5 Ĭ ĭ 7RPRGHOWKLVVRĥFDOOHG DOWUXLVWLF GRZQĥUHJXODWLRQRIPHPEUDQH,/5ZH
QRWHWKDW XSRQ,/VWLPXODWLRQ WKHUHLVUDSLG,/5α LQWHUQDOLVDWLRQĪPHGLDWHGE\HQGRF\WRVLVī WKDWLVDFFRPSDQLHG
ZLWKDUHGXFHGUDWHRIUHFHSWRUUHF\FOLQJDQGLQFUHDVHGUHFHSWRUGHJUDGDWLRQ Ĭĭ 7KXV ZH¿UVWIRUPXODWHDVLPSOH
PDWKHPDWLFDOPRGHOĪIRUIXUWKHUGHWDLOV VHH5HI Ĭĭī ZKLFKGHVFULEHVWKHG\QDPLFVRIWKHQXPEHURI OLJDQGPROHFXOHV
Ī,/ LQWKLVFDVHīm1(t) DQGSHUFHOOIUHHĥUHFHSWRUĪ,/5īm2(t) ELQGLQJXQELQGLQJWRIRUPDUHFHSWRUĥOLJDQGERXQG
FRPSOH[m3(t) LQWHUQDOLVDWLRQ GHJUDGDWLRQDQGUHF\FOLQJ :HDOVRDVVXPHWKDWFHOOVLJQDOOLQJLVHOLFLWHGĪDQGHQFRGHG
LQWKHG\QDPLFVRIWKHYDULDEOH m4(t) ZKLFKUHSUHVHQWVDSRWHQWLDOXQLGHQWL¿HGWUDQVFULSWLRQIDFWRUī DIWHUERXQG
UHFHSWRUVDUHLQWHUQDOLVHG DVUHSRUWHGLQ5HI Ĭĭ )LQDOO\ WKHDOWUXLVWLFHɱHFW ĬĭLVLQFOXGHGDVDVLJQDOĥGHSHQGHQW
V\QWKHVLVUDWH Ĭĭ :HQRWHWKDWUHFHQWH[SHULPHQWDOHYLGHQFHVXJJHVWVWKDW,/DYDLODELOLW\LVUHJXODWHGE\LQQDWH
O\PSKRLGFHOOVĪ,/&Vī ZKLFKDFWDVD³F\WRNLQHVLQN´E\FRPSHWLQJIRUDQGFRQVXPLQJ,/DQGWKXV UHVWULFWLQJ7 FHOO
KRPHRVWDVLVLQO\PSKRLGRUJDQV ,QIDFW ,/&VVHHPWRRXWFRPSHWH7 FHOOVIRU,/E\UHVLVWLQJ,/ĥPHGLDWHG,/5
GRZQĥUHJXODWLRQ Ĭĭ ZKLFKZRXOGVXSSRUWWKHLGHDWKDW,/&VGRQRWEHKDYHLQDQDOWUXLVWLFPDQQHU

 $ VLPSOHPRGHORIDOWUXLVWLF,/5α G\QDPLFV
0DWKHPDWLFDOO\ ZHGHVFULEHWKHWLPHHYROXWLRQRIWKH,/DQG,/5 LQDFHOOXODUPRGHOĪVHH5HI ĬĭīPDNLQJXVHRI
DV\VWHPRIRUGLQDU\GLɱHUHQWLDOHTXDWLRQVĪ2'(Vī DVIROORZV
dm1
dt
= φ+Nc(kRII m3 − kRQ m1 m2) , Īī
dm2
dt
= −kRQ m1 m2 + kRII m3 − σu m2 +
κs
κs +m4
ξ , Īī
dm3
dt
= kRQ m1 m2 − kRII m3 − σb m3 , Īī
dm4
dt
= ψ m3 − χ m4 , Īī
ZKHUH
 φ LVWKHUDWHDWZKLFKIUHH,/LVUHSOHQLVKHGLQWKHH[WUDĥFHOOXODUYROXPHĪVRXUFHWHUPī
 Nc LVWKHWRWDOQXPEHURIFHOOVĪLQWKHH[SHULPHQWī
 kRQ DQG kRII DUH UHVSHFWLYHO\ WKHELQGLQJDQGXQELQGLQJUDWHVRI,/DQG,/5
 σu DQG σb DUHWKHLQWHUQDOLVDWLRQUDWHVRIWKHXQERXQGDQGERXQGUHFHSWRUVĪIROORZLQJ5HI ĬĭDQG5HI Ĭĭ
ZHDVVXPH σb > σuī
 ξ LVWKHUDWHDWZKLFK,/5 UHFHSWRULVV\QWKHVLVHGDQGWUDQVSRUWHGWRWKHFHOOPHPEUDQH
 κs LVWKHFDUU\LQJFDSDFLW\RI m4 ZKLFKDFFRXQWVIRUWKHDOWUXLVWLFHɱHFW 1RWHWKDWLQWKHOLPLW κs → 0+ ZH
KDYHSHUIHFWDOWUXLVPĪDV,/5 V\QWKHVLVDIWHUUHFHSWRULQWHUQDOLVDWLRQLVIXOO\LQKLELWHGī 2QWKHRWKHUKDQG LQ
WKHOLPLW κs → +∞ WKHUDWHRIV\QWKHVLVLVLQGHSHQGHQWRIVLJQDOOLQJ DQGWKXV WKHUHLVQRDOWUXLVWLFIHHGEDFN
ĪDVPLJKWEHWKHFDVHIRU,/&V Ĭĭī 
 ψ LVWKHUDWHDWZKLFKLQWHUQDOLVHGERXQGUHFHSWRUVHOLFLWDVLJQDOĪHQFRGHGE\WKHSRWHQWLDOXQLGHQWL¿HGWUDQĥ
VFULSWLRQIDFWRU m4ī DQG
 χ LVWKHFKDUDFWHULVWLFGHJUDGDWLRQUDWHRIWKHVLJQDOĪHQFRGHGE\WKHSRWHQWLDOXQLGHQWL¿HGWUDQVFULSWLRQIDFWRU
m4ī
 6WHDG\VWDWHDQDO\VLVRIWKHFHOOXODUPRGHO
,QVWHDG\VWDWH WKHV\VWHPRIHTXDWLRQV (T Īī WR(T Īī FDQEHVROYHGDQDO\WLFDOO\ 7KHVROXWLRQLVJLYHQE\
mss1 =
φ(kRII + σb)σu(κsNcσbχ+ φψ)
kRQσb [κsNcσbχ(Ncξ − φ)− φ2ψ]
, Īī
mss2 =
1
Ncσu
[
κsN
2
c σbξχ
κsNcσbχ+ φψ
− φ
]
, Īī
mss3 =
φ
Ncσb
, Īī
mss4 =
φψ
Ncσbχ
. Īī
7KHVHVWHDG\VWDWHVROXWLRQVDUHSRVLWLYHDVORQJDV
φ < φWKUHVKROG ≡
√
κsN2c σbχ(κsσbχ+ 4ψξ)− κsNcσbχ
2ψ
.
1RWHWKDWWKHOLPLW κs → +∞ LQWKHVWHDG\VWDWHVROXWLRQVJLYHQDERYH FRUUHVSRQGVWRDUHFHSWRUĥOLJDQGV\VWHPLQ
ZKLFKQRFHOOXODUDOWUXLVWLFEHKDYLRXULVSUHVHQW /HWXVQRZDVVHVVWKHHɱHFWRIDOWUXLVPLQWKHGLɱHUHQWREVHUYDEOHV
,IWKHLQWUDĥFHOOXODUOHYHOVRIWKHSRWHQWLDOWUDQVFULSWLRQIDFWRU m4 DUHVXFKWKDW m4 ≫ κs WKHV\QWKHVLVUDWHLVFRQVLGHUDEO\UHGXFHG

3DUDPHWHU 9DOXH 8QLWV
φ 101 − 108 UHFHSWRUKRXU−1
ξ 1.2× 103 UHFHSWRUKRXU−1
κs 10
3 VLJQDO
σU  KRXU−1
σB  KRXU−1
kRII/kRQ  QJPO−1
ψ 0.61 VLJQDOUHFHSWRU−1 KRXU−1
χ  KRXU−1
7DEOH  3DUDPHWHUVRIWKHFHOOXODUPRGHOWDNHQIURP5HI ĬĭDQG5HI Ĭĭ
RIWKHFHOOXODUV\VWHP )RULQVWDQFH LQ)LJ  ZHSORW mss1 (κs→+∞)
mss
1
(κs)
 WKHVWHDG\VWDWHUDWLRRIIUHHĪDYDLODEOHIRURWKHU
FHOOVī,/LQWKHQRQĥDOWUXLVWLFĪκs → +∞īDQGDOWUXLVWLFĪκs ̸= 0īFDVHV IRUGLɱHUHQWYDOXHVRI φ ĪOHIWSORWīDQGIRU
GLɱHUHQWYDOXHVRI κs ĪULJKWSORWī 6LPLODUO\ LQ)LJ  ZHSORW m
ss
2
(κs)
mss
2
(κs→+∞)
 WKHVWHDG\VWDWHUDWLRRIIUHHUHFHSWRUV
Ī,/5ī LQWKHQRQĥDOWUXLVWLFĪκs → +∞īDQGDOWUXLVWLFĪκs ̸= 0īFDVHV IRUGLɱHUHQWYDOXHVRI φ ĪOHIWSORWīDQGIRU
GLɱHUHQWYDOXHVRI κs ĪULJKWSORWī 1RWHWKHV\PPHWU\EHWZHHQ)LJ  DQG)LJ  7KLVLVGXHWRWKHIDFWWKDWLQVWHDG\
VWDWH RQHFDQVKRZ
OLP
t→+∞
Ĭ,/ĭ(t)Ĭ,/5ĭu(t) =
φ(kRII + σb)
kRQNcσb
, Īī
ZKLFKGRHVQRWGHSHQGRQWKHYDOXHRI κs WKHSDUDPHWHUZKLFKHQFRGHVWKHOHYHORIDOWUXLVPLQWKH,/VLJQDOOLQJ
V\VWHP
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)LJXUH  (ɱHFWRIVLJQDOOLQJDOWUXLVPRQWKHDPRXQWRIDYDLODEOHH[WUDĥFHOOXODUĪIUHHī,/ /HIWSORW HɱHFWRI φ IRU
κs = 10
3 RQ mss1 (κs→+∞)
mss
1
(κs)
IRUGLɱHUHQWYDOXHVRI Nc 5LJKWSORW HɱHFWRI κs IRU φ = φWKUHVKROG/2 RQ m
ss
1
(κs→+∞)
mss
1
(κs)
IRU
GLɱHUHQWYDOXHVRINc 0RGHOSDUDPHWHUVDUHVXPPDULVHGLQ7DEOH  'LɱHUHQWFRORXUVFRUUHVSRQGWRGLɱHUHQWYDOXHV
RIWKHQXPEHURIFHOOV Nc LQWKHH[SHULPHQW
 0DWKHPDWLFDOPRGHODWWKHSRSXODWLRQOHYHO
1DLYH&'8+ 7 FHOOVUHTXLUHVLJQDOOLQJĥPHGLDWHGE\WKHF\WRNLQHLQWHUOHXNLQĥĪ,/īIRUVXUYLYDODQGSUROLIHUDWLRQ Ĭĭ
$VGLVFXVVHG LQ3DOPHU HWDO Ĭĭ &'8+ 7 FHOOVKDYHGLVWLQFW WKUHVKROGV IRU VXUYLYDODQGSUROLIHUDWLRQ WKDW LV D
VWURQJHU,/5ĥPHGLDWHGVLJQDOLVUHTXLUHGIRUSUROLIHUDWLRQDVFRPSDUHGWRWKHVWUHQJWKRIVLJQDOUHTXLUHGIRUFHOĥ
OXODUVXUYLYDO 5HFHQWH[SHULPHQWVDOVRVXSSRUWWKHLGHDWKDWKLJKHU&'H[SUHVVLRQFRUUHODWHVZLWKKLJKHU,/5
H[SUHVVLRQLQ&'8+ 7 FHOOV DQGLQGHHG&'KL 7 FHOOVZHUHIRXQGWRKDYHPRUHUREXVWUHVSRQVHVWR,/WKDQ&'OR

2 4 6 8
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
log10 φ


κ
s



∞
)
Nc=101
Nc=103
Nc=105
−2 −1 0 1 2 3 4
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
log10 κs


κ
s



∞
)
)LJXUH  (ɱHFWRIDOWUXLVPRQWKHDPRXQWRIIUHH,/5/HIWSORW HɱHFWRI φ IRU κs = 103 RQ m
ss
2
(κs)
mss
2
(κs→+∞)
IRU
GLɱHUHQWYDOXHVRI Nc 5LJKWSORW HɱHFWRI κs IRU φ = φWKUHVKROG/2 RQ m
ss
2
(κs)
mss
2
(κs→+∞)
IRUGLɱHUHQWYDOXHVRI Nc 0RGHO
SDUDPHWHUVDUHVXPPDULVHGLQ7DEOH  'LɱHUHQWFRORXUVFRUUHVSRQGWRGLɱHUHQWYDOXHVRIWKHQXPEHURIFHOOV Nc
LQWKHH[SHULPHQW
7 FHOOV Ĭĭ 2QWKHRWKHUKDQG&'OR 7 FHOOVZHUHIRXQGWRKDYHSURORQJHGVXUYLYDOZKHQFRPSDUHGWR&'KL 7 FHOOV
LQDQ,/LQGHSHQGHQWHQYLURQPHQW Ĭĭ
,QWKLVVHFWLRQ ZHGHYHORSDPDWKHPDWLFDOPRGHODWWKHSRSXODWLRQOHYHORILPPXQH,/5ĥPHGLDWHGVLJQDOOLQJWKDW
FRQVLGHUVWKHKHWHURJHQHLW\RIWKHH[SUHVVLRQOHYHOVREVHUYHGIRU&'DQG,/5:HLQWURGXFH WKXV IRXUGLɱHUHQW
&'8+ 7 FHOOSRSXODWLRQVĪVHH)LJ ī FKDUDFWHULVHGE\WKHLUUHODWLYHH[SUHVVLRQRIWKHVHWZRSURWHLQV :HDOVRDVVXPH
WKHWRWDOSRRORI&'8+ 7 FHOOVH[LVWVZLWKLQDZHOOĥPL[HGV\VWHP VXFKWKDWWKHUHH[LVWVDJOREDOFRQFHQWUDWLRQRI,/
7KXV ZHQHJOHFWDQ\VSDWLDOKHWHURJHQHLWLHV 7 FHOOVPD\UHFHLYHVLJQDOVIRUVXUYLYDORUSUROLIHUDWLRQGHSHQGLQJRQ
WKHDPRXQWRIDYDLODEOHH[WUDĥFHOOXODU,/DQGWKHLUUHODWLYH,/5 VXUIDFHH[SUHVVLRQ 6LQFHZHDUHFRQVLGHULQJWKH
G\QDPLFVRI7 FHOOVDWWKHSRSXODWLRQVFDOH ZHDVVXPHWKHHɱHFWVRIORFDOLVHG,/SURGXFWLRQDQGFRQVXPSWLRQDW
WKHVLQJOHFHOOVFDOH DUHHɱHFWLYHO\³DYHUDJHGRXW´DOORZLQJWKHPRGHOOLQJHɱRUWWRJLYHDUHDVRQDEOHGHVFULSWLRQRI
WKHSRSXODWLRQG\QDPLFV Ĭ ĭ
7KHSK\VLFDOVL]HRIWKH,/SURWHLQ LVPXFKVPDOOHUWKDQWKHVL]HRID7 FHOODQGW\SLFDOO\WKHUHDUHPDQ\PRUH
RIWKHVHPROHFXOHVWKDQ7 FHOOVLQWKHH[SHULPHQWDOV\VWHP 2XUPHDVXUHPHQWRI,/ZLOOWKHUHIRUHQRWEHEDVHG
RQWKHQXPEHURI,/PROHFXOHV EXWUDWKHUWKHFRQFHQWUDWLRQRI,/LQWKHH[WUDĥFHOOXODUPHGLXP 7KHUHIRUH ZH
XVHDGHWHUPLQLVWLFFKDUDFWHULVDWLRQIRUWKH,/FRQFHQWUDWLRQ LQVWHDGRIDVWRFKDVWLFGHVFULSWLRQ ZKLFKVKDOOEH
LQWURGXFHGWRGHVFULEHWKHQXPEHURI7 FHOOVLQWKHV\VWHP :HDVVXPHWKHUDWHRISURGXFWLRQRI,/LVLQGHSHQGHQW
RIWKHQXPEHURI7 FHOOV Ĭĭ DQGIRUWKHSXUSRVHVRIWKLVPRGHO ZHZLOODVVXPHWKHUDWHRI,/SURGXFWLRQWREH
FRQVWDQW :HDOVRDVVXPHWKHUDWHRIFRQVXPSWLRQRI,/LVSURSRUWLRQDOWRWKHSURGXFWRIWKHFRQFHQWUDWLRQRI
,/DQGWKHQXPEHURI7 FHOOVH[SUHVVLQJ,/5GXHWRWKHLQWHUQDOLVDWLRQRIOLJDQGĥUHFHSWRUERXQGFRPSOH[HVĪVHH
6HFWLRQ ī 7KHFRQVWDQWVRISURSRUWLRQDOLW\DUHJUHDWHUORZHUIRU,/5KL,/5OR 7 FHOOV UHVSHFWLYHO\ :HIXUWKHU
DVVXPHWKDWWKHIRXUGLɱHUHQW7 FHOOSRSXODWLRQVKDYHDEDVDO,/ĥLQGHSHQGHQWGHDWKUDWH 7KLVGHDWKUDWHLVJUHDWHU
IRU&'KL 7 FHOOVWKDQIRU&'OR 7 FHOOV Ĭĭ +RZHYHUWKLVGHDWKUDWHGRHVQRWGHSHQGRQWKHOHYHORI,/5 H[SUHVVLRQ
ĪVHH)LJ ī 7KHGHDWKUDWHLVVZLWFKHGRQLI,/DYDLODELOLW\LVEHORZDJLYHQVXUYLYDOWKUHVKROGDQGHTXLYDOHQWO\ LWLV
VZLWFKHGRɱLIWKHFRQFHQWUDWLRQRI,/LVDERYHWKLVWKUHVKROG Ĭĭ 6LPLODUO\ LIWKHFRQFHQWUDWLRQRI,/LVDERYHD
JLYHQSUROLIHUDWLRQWKUHVKROG ZHWXUQRQDSUROLIHUDWLRQWHUPIRU,/5KL 7 FHOOV )ROORZLQJDGLYLVLRQHYHQW,/5KL
7 FHOOVSURGXFHWZRGDXJKWHUFHOOV LQWKHFRUUHVSRQGLQJ,/5OR SRRO LQFRQVRQDQFHZLWKWKHDOWUXLVWLFK\SRWKHVLV
:HDVVXPH,/5OR 7 FHOOVPD\QRWUHFHLYHVXɷFLHQW,/VWLPXOXVWRXQGHUJRDGLYLVLRQHYHQW ,/5OR 7 FHOOVDUH
DVVXPHGWRXSĥUHJXODWHWKHLUH[SUHVVLRQOHYHOVRI,/5 DQGEHFRPH,/5KL ĪVHH)LJ ī /DVWO\ ZHDVVXPHWKHOHYHO
RI&'H[SUHVVLRQLVLQYDULDQW WKDWLV &'KL FHOOVFDQRQO\LQFUHDVHRUGHFUHDVHWKHLUOHYHOVRI,/5 H[SUHVVLRQ EXW
PDLQWDLQWKHLUKLJKOHYHORI&'H[SUHVVLRQFRQVWDQW 7KHVDPHLVWUXHIRU&'OR FHOOVĪVHH)LJ ī 7KHLQWHUSOD\
EHWZHHQ,/UHFHSWRUH[SUHVVLRQDQGVLJQDOOLQJRQWKHIDWHĪGLYLVLRQ SUROLIHUDWLRQRU,/5 XSĥUHJXODWLRQīRIWKHIRXU
GLɱHUHQWSRSXODWLRQRI&'8+ 7 FHOOVFDQEHFDSWXUHGPDWKHPDWLFDOO\DQGZLOOEHGLVFXVVHGLQWKHIROORZLQJVHFWLRQ

&'KL ,/5KL &'OR ,/5KL
&'KL ,/5OR &'OR ,/5OR
µ1
µ1
µ2
µ2
λ1φ1 λ2φ2
)LJXUH  ,PPXQHVLJQDOOLQJDWWKHSRSXODWLRQOHYHO SRVVLEOHWUDQVLWLRQVEHWZHHQWKHIRXUVXEVHWVRIWKHSHULSKHUDO
&'+ 7 FHOOSRRO :HLPSRVH µ1 > µ2 WKDWLV &'OR 7 FHOOVKDYHSURORQJHGVXUYLYDOLQDF\WRNLQHLQGHSHQGHQW
HQYLURQPHQW ,QWKHPDWKHPDWLFDOPRGHOWKHSDUDPHWHU λ FRUUHVSRQGVWRWKHSHUFHOOGLYLVLRQUDWH λ1 LVWKHSHUFHOO
GLYLVLRQUDWHIRU&'KL &'+ 7 FHOOVDQG λ2 LVWKHSHUFHOOGLYLVLRQUDWHIRU&'OR &'+ 7 FHOOV ZLWK λ1 > λ2 Ĭĭ
:HDVVXPHWKDWDIWHUDGLYLVLRQHYHQW WKHUHLVDVLJQL¿FDQWGURSLQWKHOHYHORI,/5 H[SUHVVHGRQWKHVXUIDFHRI
DFHOO VLQFHGDXJKWHUFHOOV LQKHULW RQDYHUDJH KDOIRI WKH,/ UHFHSWRUVH[SUHVVHGE\ WKHLUPRWKHUFHOO )LQDOO\
φ FRUUHVSRQGVWRWKHEDVDOXSĥUHJXODWLRQUDWHRI,/5 H[SUHVVLRQDQGLVDVVXPHGWREHLQGHSHQGHQWRIWKHH[WUDĥ
FHOOXODU,/FRQFHQWUDWLRQ φ1 LVWKHSHUFHOO,/5 XSĥUHJXODWLRQUDWHIRU&'KL &'+ 7 FHOOVDQG φ2 LVWKHSHUFHOO
,/5 XSĥUHJXODWLRQIRU&'OR &'+ 7 FHOOV
 0DWKHPDWLFDOPRGHO
:HGHQRWHE\ ni,j WKHQXPEHURIFHOOVLQVXEVHW Si,j  DQLQGH[YDOXHRI³´DOZD\VUHIHUVWR³KLJK´ ZKHUHDVDQLQGH[
RI³´DOZD\VUHIHUVWR³ORZ´ ,IDSDLURILQGH[HVDSSHDUVLQDYDULDEOH WKH¿UVWRQHUHIHUVWR&'DQGWKHVHFRQGWR
,/5UHVSHFWLYHO\ 6SHFL¿FDOO\ ZHKDYHGH¿QHG
FHOOW\SH YDULDEOH
&'KL,/5KL n1,1
&'KL,/5OR n1,2
&'OR,/5KL n2,1
&'OR,/5OR n2,2
:HQRZGHVFULEHWKHG\QDPLFVWKDWFKDUDFWHULVHWKHIRXUGLɱHUHQWSRSXODWLRQRI&'8+ 7 FHOOVDQGWKDWDUHGULYHQ
E\,/VLJQDOOLQJ
'\QDPLFVRI,/ :HPRGHOWKHFRQFHQWUDWLRQRI,/LQDGHWHUPLQLVWLFPDQQHU DVZHDUJXHGDERYH /HW I GHQRWH
WKHFRQFHQWUDWLRQRI,/ :HDVVXPH,/LVSURGXFHGDWDFRQVWDQWUDWH ν LQGHSHQGHQWRILWVH[WUDĥFHOOXODUOHYHO Ĭ ĭ
:HDOVRFRQVLGHU,/ORVV GXHWRLQWHUQDOLVDWLRQRI,/RQFHLWELQGV,/5 H[SUHVVHGRQWKHVXUIDFHRI7 FHOOV :H
WKXV DVVXPHWKDWWKLVORVVWHUPLVSURSRUWLRQDOWRWKHJOREDOFRQFHQWUDWLRQRI,/DQGWKHQXPEHURI7 FHOOV 7KHVH
WHUPVWKHQWDNHWKHIRUP
−γ1(n1,1 + n2,1)I − γ2(n1,2 + n2,2)I ,

ZKHUH γ1 > γ2 VLQFHZHDVVXPH,/5KL FHOOVLQWHUQDOLVH,/DWDIDVWHUUDWHWKDQ,/5OR FHOOV VLQFHWKHLU,/5 VXUIDFH
H[SUHVVLRQOHYHOVDUHKLJKHUE\FRQVWUXFWLRQ 7KHFRQFHQWUDWLRQRI,/WKHQREH\VDQ2'( RIWKHIRUP
dI
dt
= ν − γ1(n1,1 + n2,1)I − γ2(n1,2 + n2,2)I . Īī
'\QDPLFVRI7 FHOOV 7KHSRSXODWLRQVRI&'+ 7 FHOOVDUHPRGHOOHGLQDVWRFKDVWLFIDVKLRQ /HWXVLQWURGXFHD
WKUHVKROGIRUVXUYLYDO θs DQGDWKUHVKROGIRUSUROLIHUDWLRQ θp Ĭ ĭ :HVKDOODVVXPHWKHGLPHQVLRQVRI θs DQG θp
WREHWKRVHRI I  LH YROXPHFRQFHQWUDWLRQ :HDVVXPHWKDWWKHVXUYLYDOWKUHVKROGLVORZHUWKDQWKHSUROLIHUDWLRQ
RQH Ĭĭ WKDWLV θs < θp :HQRZGHVFULEHWKH&'+ 7 FHOOG\QDPLFV DVIROORZV
 ,I I < θs ĪGHDWKHYHQWī
ni,j → ni,j − 1 LQDVPDOOWLPHLQWHUYDO ∆t ZLWKSUREDELOLW\ µi ni,j ∆t IRU i, j = 1, 2
 ,I θs < I < θp ĪVXUYLYDOHYHQWī
ni,j → ni,j  LQDVPDOOWLPHLQWHUYDO ∆t ZLWKSUREDELOLW\RQHIRU i, j = 1, 2
 ,I θp < I ĪSUROLIHUDWLRQHYHQWī
ni,1 → ni,1 − 1
ni,2 → ni,2 + 2
}
LQDVPDOOWLPHLQWHUYDO ∆t ZLWKSUREDELOLW\ λi ni,1 ∆t IRU i = 1, 2
 )LQDOO\ DQGJLYHQWKDWWKHXSĥUHJXODWLRQRI,/5 LVLQGHSHQGHQWRIWKHFRQFHQWUDWLRQRI,/ WKLVWUDQVLWLRQ
WDNHVWKHIRUP
ni,2 → ni,2 − 1
ni,1 → ni,1 + 1
}
LQDVPDOOWLPHLQWHUYDO ∆t ZLWKSUREDELOLW\ φi ni,2 ∆t IRU i = 1, 2
7KHVHWUDQVLWLRQVDUHLOOXVWUDWHGLQ)LJXUH 
7KUHVKROGIXQFWLRQ :HDVVXPHWKHSUREDELOLWLHVRIGHDWKDQGSUROLIHUDWLRQHYHQWVWREHQRQĥ]HURRQO\ZKHQWKH
FRQFHQWUDWLRQRI,/LVEHORZRUDERYHWKHUHVSHFWLYHWKUHVKROGIXQFWLRQVIRUVXUYLYDODQGSUROLIHUDWLRQ 7KHH[LVĥ
WHQFHRIWKHVHVXUYLYDODQGSUROLIHUDWLRQWKUHVKROGVKDYHEHHQH[SHULPHQWDOO\REVHUYHG Ĭĭ :H WKHUHIRUH FKRRVHD
IXQFWLRQVXFKWKDWZKHQWKHFRQFHQWUDWLRQLVDERYHRUEHORZDFHUWDLQWKUHVKROG LWLVHLWKHURU 2QHVXFKVXLWDEOH
IXQFWLRQLVWKHORJLVWLFIXQFWLRQ GH¿QHGDVIROORZV
fs(I) =
1
1 + eα(I−θs)
DQG fp(I) = 1
1 + eα(θp−I)
. Īī
:HFKRRVHWKHGLPHQVLRQVRI α WREHLQYHUVHFRQFHQWUDWLRQ VXFKWKDWWKHYDOXHRI fs(I) LVDGLPHQVLRQOHVVTXDQWLW\
ERXQGHGEHWZHHQDQG 7KLVWKUHVKROGIXQFWLRQLVWKHQLQFOXGHGZLWKLQWKHSUHYLRXVO\GH¿QHGWUDQVLWLRQSUREDĥ
ELOLWLHVIRUGHDWKDQGSUROLIHUDWLRQHYHQWV ,I f•(I) ≈ 0 WKHQWKHSUREDELOLW\RIWKHJLYHQHYHQWLVFORVHWR]HURDQG
WKHHYHQWLVHɱHFWLYHO\WXUQHGRɱ 6LPLODUO\LI f•(I) ≈ 1 WKHQWKHSUREDELOLW\RIWKHHYHQWLVWXUQHGRQ
7KHSDUDPHWHU α PRGXODWHVWKH VHYHULW\ RIWKHWKUHVKROGIXQFWLRQ ,QSDUWLFXODU LI α → +∞ WKHWKUHVKROGLVH[ĥ
WUHPHO\VKDUS ,QIDFW ZHKDYH
OLP
α→+∞
fs(I) = OLP
α→+∞
1
1 + eα(I−θs)
=


0 LI I > θs ,
1/2 LI I = θs ,
1 LI I < θs .
,Q)LJ  ZHVKRZWKHWKUHVKROGIXQFWLRQVĪVHH(T ĪīīIRUGLɱHUHQWYDOXHVRI α ,QWKHOLPLW α→ 0+ WKHWKUHVKROGV
GLVDSSHDUDQG7 FHOOSUROLIHUDWLRQDQGGHDWKHYHQWVGRQRWGHSHQGRQWKHDPRXQWRIIUHH,/DYDLODEOH 2QWKHRWKHU
KDQG LQWKHOLPLW α→ +∞ WKH
 1XPHULFDOUHVXOWV
:HKDYHLPSOHPHQWHGWKHPRGHOGLVFXVVHGLQ6HFWLRQ  PDNLQJXVHRIDGHWHUPLQLVWLFFKDUDFWHULVDWLRQĪ2'(ī IRU
WKHFRQFHQWUDWLRQRI,/ I(t) DQGHLWKHUDQ2'( PRGHOIRUWKHQXPEHURIFHOOVLQHDFK FRPSDUWPHQW RUDVWRFKDVWLF
0DUNRYGHVFULSWLRQ ZKLFKUHTXLUHVWKHLPSOHPHQWDWLRQRID*LOOHVSLHDOJRULWKPĪVHHFRGHSURYLGHGLQ$SSHQGL[ %ī

)LJXUH  (ɱHFWRIWKHSDUDPHWHU α RQWKHVHYHULW\RIWKHWKUHVKROGIXQFWLRQVĪVHH(T Īīī 1RWHWKDWIRU α = 0
ĪEODFNOLQHīWKHWKUHVKROGIXQFWLRQVDUHFRQVWDQWDQGHTXDOWR 12  2QWKHRWKHUKDQG IRU α ≫ 1 WKHIXQFWLRQVDUHDOPRVWGLVFRQWLQXRXVDQGWKHWKUHVKROGVUDWKHUVKDUS
7KHGHWHUPLQLVWLFPRGHOIRUWKHIRXU7 FHOOSRSXODWLRQVDQGWKHFRQFHQWUDWLRQRI,/LVGHVFULEHGLQWKHFRGHSURĥ
YLGHGLQ$SSHQGL[ & 7KHSDUDPHWHUVXVHGLQWKHQXPHULFDOVWXGLHVKDYHEHHQVXPPDULVHGLQ7DEOH  :KHQRWKHU
SDUDPHWHUYDOXHVKDYHEHHQXVHG ZHKDYHSURYLGHGWKHLUYDOXHVH[SOLFLWO\ 7RPRGHOGLɱHUHQWH[WUDĥFHOOXODUVLJQDOOLQJ
HQYLURQPHQWV GHVFULELQJGLɱHUHQWYDOXHVRIH[WUDĥFHOOXODU,/FRQFHQWUDWLRQ ZHYDU\WKHYDOXHRIWKHSDUDPHWHU ν
DQGPDNHXVHRID VRɸ WKUHVKROGJLYHQE\ α = 5 $VVKRZQLQ)LJV ĥ GLɱHUHQWYDOXHVRI ν FKDQJHWKHVWHDG\VWDWH
RI WKH IRXU7 FHOOSRSXODWLRQV ,QDOOFDVHV RQWKHULJKWSDQHOZHVKRZWKHUHODWLYHQXPEHURI7 FHOOVZLWKKLJK
ĪEODFNOLQHVīDQGORZĪUHGOLQHVīH[SUHVVLRQRI&' ,QWKDWSDQHOZHDOVRVKRZWZRGLɱHUHQWVWRFKDVWLFVLPXODWLRQV
WRHPSKDVLVHWKHUROHRIÀXFWXDWLRQVZKHQWKHQXPEHURIFHOOVLVVPDOOĪLQDOOFDVHVZHKDYHFRQVLGHUHGWKDW LQLWLDOO\
WKHUHLVDWRWDORIFHOOV HTXDOO\GLVWULEXWHGEHWZHHQWKHIRXUFRPSDUWPHQWVī )RUFRPSOHWHQHVV LQ)LJ  ZH
FRQVLGHUWKHFDVHZKHUH,/LVUHPRYHGIURPWKHV\VWHPQRWRQO\E\,/UHFHSWRUĥPHGLDWHGLQWHUQDOLVDWLRQEXWE\
RWKHUPHFKDQLVPVĪWKDWZHGHQRWHJHQHULFDOO\ GHJUDGDWLRQī IRUWKHVDPHSDUDPHWHUYDOXHVDVWKRVHRI)LJ  1RWH
WKDW ZKLOHWKHPD[LPXPOHYHORI,/FKDQJHVVLJQL¿FDQWO\ WKHG\QDPLFVRIWKH&'+ 7 FHOOSRSXODWLRQVGRHVQRW
TXDOLWDWLYHO\FKDQJH
)LJXUH  1XPHULFDOVWXG\IRUDWRWDOWLPHRIWZRZHHNVZLWKORZ,/SURGXFWLRQ ν = 1 DQGD VRɸ WKUHVKROG α = 5
2QWKHULJKWSORW ZHVHHWKH7 FHOOSRSXODWLRQLVGRPLQDWHGE\WKHVXEVHWRI&'OR 7 FHOOV 1RWHWKHUHDVRQDEOH
DJUHHPHQWEHWZHHQWKHGHWHUPLQLVWLFPRGHOĪ2'(ī DQGWKHVWRFKDVWLFVLPXODWLRQVĪ66$ī2QWKHOHIWSORW ZHIROORZ
WKHH[WUDĥFHOOXODU,/FRQFHQWUDWLRQLQWLPH 2QWKHPLGGOHSORW ZHIROORZWKHIRXUFHOOXODUSRSXODWLRQVLQWLPH 2Q
WKHULJKWSORW ZHIROORZWKHWZRFHOOXODUSRSXODWLRQV DVGH¿QHGE\WKHLU&'H[SUHVVLRQLQWLPH
)URPWKHVHQXPHULFDO VWXGLHV WZR VLJQL¿FDQWFRQFOXVLRQVFDQEHGHULYHG )LUVWRI DOO GLɱHUHQW YDOXHVRI ν ĪWKH

SDUDPHWHU YDOXH XQLWV UHIHUHQFH
I(0)  ĬFRQĭ 1RWH 
n1,1(0)  FHOOV 7KLVZRUN
n1,2(0)  FHOOV 7KLVZRUN
n2,1(0)  FHOOV 7KLVZRUN
n2,2(0)  FHOOV 7KLVZRUN
ν  ĬFRQĭ−1KRXU−1 1RWH  Ĭĭ
γ1  KRXU−1 Ĭĭ
γ2  KRXU−1 &KRVHQWREH ∼ γ1/4
µ1  KRXU−1 Ĭĭ
µ2  KRXU−1 &KRVHQWREH = 2µ1/3
λ1  KRXU−1 Ĭĭ
λ2  KRXU−1 &KRVHQWREH= 2λ1/3
φ1  KRXU−1 &KRVHQWREH = λ1
φ2  KRXU−1 &KRVHQWREH ∼ φ1/2
θs  ĬFRQĭ 7KLVZRUN
θp  ĬFRQĭ 7KLVZRUN
α  ĬFRQĭ−1 1RWH
δ  K−1 Ĭĭ
7DEOH  3DUDPHWHUVIRUWKHSRSXODWLRQPRGHORI,/ĥPHGLDWHGVLJQDOOLQJ 1RWH  ZHQRUPDOLVHWKHLQLWLDOFRQFHQWUDĥ
WLRQRI,/WR 1 7KLVDOORZVXVWRXVHJHQHULFXQLWVRIFRQFHQWUDWLRQĪĬFRQĭīUDWKHUWKDQWKHVWDQGDUG0 ĪPROHVOLWUHī
1RWH  ZHKDYHQRUPDOLVHG ν IURP5HI ĬĭDFFRUGLQJWR1RWH  1RWH  LQRUGHUWRJXDUDQWHHDWKUHVKROGĥOLNH
UHVSRQVH ZHKDYHFKRVHQDUHODWLYHO\ODUJHYDOXHRI α
)LJXUH  1XPHULFDOVWXG\IRUDWRWDOWLPHRIWZRZHHNVZLWKPHGLXP,/SURGXFWLRQ ν = 5 DQGD VRɸ WKUHVKROG
α = 5 2QWKHULJKWSORW ZHVHH WKH7 FHOOSRSXODWLRQLVGRPLQDWHGE\WKHVXEVHWRI&'OR 7 FHOOV 1RWHWKDW
DGHWHUPLQLVWLFĪ2'(ī DSSURDFKFDQQRWSUHFLVHO\UHSURGXFHWKHVWRFKDVWLFEHKDYLRXUĪ66$ī2QWKHOHIWSORW ZH
IROORZWKHH[WUDĥFHOOXODU,/FRQFHQWUDWLRQLQWLPH 2QWKHPLGGOHSORW ZHIROORZWKHIRXUFHOOXODUSRSXODWLRQVLQ
WLPH 2QWKHULJKWSORW ZHIROORZWKHWZRFHOOXODUSRSXODWLRQV DVGH¿QHGE\WKHLU&'H[SUHVVLRQLQWLPH

)LJXUH  1XPHULFDOVWXG\IRUDWRWDOWLPHRIWZRZHHNVZLWKKLJK,/SURGXFWLRQ ν = 25 DQGD VRɸ WKUHVKROG α = 5
2QWKHULJKWSORW ZHVHHWKH7 FHOOSRSXODWLRQLVGRPLQDWHGE\WKHVXEVHWRI&'KL 7 FHOOV 1RWHWKDWDGHWHUPLQLVWLF
Ī2'(ī DSSURDFKLVDEOHWRUHSURGXFHWKHVWRFKDVWLFEHKDYLRXUĪ66$ī2QWKHOHIWSORW ZHIROORZWKHH[WUDĥFHOOXODU
,/FRQFHQWUDWLRQLQWLPH 2QWKHPLGGOHSORW ZHIROORZWKHIRXUFHOOXODUSRSXODWLRQVLQWLPH 2QWKHULJKWSORW
ZHIROORZWKHWZRFHOOXODUSRSXODWLRQV DVGH¿QHGE\WKHLU&'H[SUHVVLRQLQWLPH
)LJXUH  1XPHULFDOVWXG\IRUDWRWDOWLPHRIWZRZHHNVZLWKKLJK,/SURGXFWLRQ ν = 25 DQGD VRɸ WKUHVKROG α = 5
7KLVVWXG\DOVRFRQVLGHUVWKHUROHRI,/GHJUDGDWLRQĪZLWKUDWH δ = 20 K−1ī 2QWKHULJKWSORW ZHVHHWKH7 FHOO
SRSXODWLRQLVGRPLQDWHGE\WKHVXEVHWRI&'OR 7 FHOOV 1RWHWKDWDGHWHUPLQLVWLFĪ2'(ī DSSURDFKFDQQRWSUHFLVHO\
UHSURGXFHWKHVWRFKDVWLFEHKDYLRXUĪ66$ī REVHUYHG 2QWKHOHIWSORW ZHIROORZWKHH[WUDĥFHOOXODU,/FRQFHQWUDWLRQ
LQWLPH 2QWKHPLGGOHSORW ZHIROORZWKHIRXUFHOOXODUSRSXODWLRQVLQWLPH 2QWKHULJKWSORW ZHIROORZWKHWZR
FHOOXODUSRSXODWLRQV DVGH¿QHGE\WKHLU&'H[SUHVVLRQLQWLPH

SDUDPHWHUWKDWHQFRGHVWKH,/H[WUDĥFHOOXODUHQYLURQPHQWīOHDGWRGLɱHUHQWUHODWLYHIUDFWLRQVRIFHOOVZLWKKLJKDQG
ORZH[SUHVVLRQRI&' 7KHVHUHVXOWVDUHLQDJUHHPHQWZLWKWKHH[SHULPHQWDOHYLGHQFHVXPPDULVHGE\3DOPHU HW
DO Ĭĭ 7KHVHDXWKRUVREVHUYHGSRSXODWLRQGRPLQDQFHLQIDYRXURI&'KL &'+ 7 FHOOVLQKLJK,/HQYLURQPHQWV
,QFRQWUDVW &'OR &'+ 7 FHOOVZHUHREVHUYHG WRGRPLQDWH WKH7 FHOO UHSHUWRLUH LQ ORZ,/HQYLURQPHQWV ,Q
EHWZHHQWKHVH DWSK\VLRORJLFDOOHYHOVRI,/ DQHTXDOEDODQFHLQWKH7 FHOOUHSHUWRLUHZDVREVHUYHG Ĭĭ 6HFRQGO\
WKHVWULNLQJUHVXOWWKDWWKHGHWHUPLQLVWLFDSSUR[LPDWLRQĪ2'(ī FDQQRWFDSWXUHWKH VZLWFK EHWZHHQORZDQGKLJK,/
H[WUDĥFHOOXODUHQYLURQPHQWVRFFXUULQJIRULQWHUPHGLDWHYDOXHVRI ν ĪVHH IRULQVWDQFH WKHULJKWSDQHOLQ)LJ ī 7KLV
GLVFUHSDQF\EHWZHHQWKHGHWHUPLQLVWLFDQGWKHVWRFKDVWLFGHVFULSWLRQVUDLVHVDSRWHQWLDOPHWKRGRORJLFDOFRQFHUQ
QDPHO\ KRZWRFKRRVHWKHYDOXHRI α :HQRWHWKDWWKHVHGLɱHUHQFHVRULJLQDWHIURPWZRSRVVLEOHHɱHFWV WKHYDOXH
RI ν DQGWKDWRI α 7KH¿UVWHɱHFWLVHDVLHUWRXQGHUVWDQG VLQFHYHU\ODUJHYDOXHVRI ν ĪVHH IRULQVWDQFH )LJ īGULYH
WKHF\WRNLQHFRQFHQWUDWLRQ I  WRLWVGHWHUPLQLVWLFYDOXHDQGVWRFKDVWLFÀXFWXDWLRQVDUHGDPSHGRXWTXLFNO\ĪFRPSDUH
WKHOHIWSORWVRI)LJ  DQG)LJ  WRWKHOHIWSORWRI)LJ ī ,QRUGHUWRGHFLSKHUWKHUROHRI α ZH¿UVWQRWHWKDWZKHQ
α = 0 WKH7 FHOOSRSXODWLRQVGRQRWSHUFHLYHDQ\,/WKUHVKROGEHKDYLRXUDQGWKHLUG\QDPLFVLVLQGHSHQGHQWRI
WKHDPRXQWRIIUHHH[WUDĥFHOOXODU,/DYDLODEOH 6HFRQGO\ OHWXVQRZHYDOXDWHWKHHɱHFWRIGLɱHUHQWYDOXHVRI α ĪDQG
WKHVHYHULW\RIWKHWKUHVKROGVīLQWKHG\QDPLFVRIWKHIRXU7 FHOOSRSXODWLRQV )LJ  UHSURGXFHVWKHVLPXODWLRQVRI
)LJ  IRU α = 0 ĪWRSīDQG α = 50 ĪERWWRPī $VGLVFXVVHGDERYH WKHFDVH α = 0 LVQRWELRORJLFDOO\UHOHYDQW VLQFHWKH
,/VXUYLYDODQGSUROLIHUDWLRQWKUHVKROGVKDYHEHHQREVHUYHGLQH[SHULPHQWV Ĭĭ )XUWKHUPRUH IRUWKHGHDWKDQG
SUROLIHUDWLRQUDWHVREWDLQHGLQ5HI Ĭĭ DQGLQWKHDEVHQFHRI,/VXUYLYDODQGSUROLIHUDWLRQWKUHVKROGV WKHQXPEHU
RI7 FHOOVLQFUHDVHVLQGH¿QLWHO\ĪVHHPLGGOHSDQHORIWKHWRSURZLQ)LJ ī )LQDOO\ DFRPSDULVRQEHWZHHQWKHFDVHV
α = 5 ĪVHH)LJ īDQG α = 50 ĪVHHERWWRPURZRI)LJ īVKRZVWKDWVKDUSHUWKUHVKROGIXQFWLRQVGHFUHDVHWKHVL]HRI
WKHVWRFKDVWLFÀXFWXDWLRQV
,QRUGHUWRIXUWKHUGLVVHFWRXUODWWHUFODLP LQ)LJ  ZHVKRZWKHKLVWRJUDPRIVWRFKDVWLFVWHDG\VWDWHVIRU ν = 5
DQG IRU α = 5 RU α = 50 5HPDUNDEO\ WKHKLVWRJUDP LV VRZLGH WKDW LW FRQWDLQV VWRFKDVWLF UHDOLVDWLRQVZKHUH
WKHUHLVDVZLWFKEHWZHHQWKH&'KL DQG&'OR SRSXODWLRQV WKDWFDQQRWEHSUHGLFWHGE\WKHGHWHUPLQLVWLFPRGHO
7KLVEHKDYLRXUVXJJHVWWKDW WKHFRPELQDWLRQRIQRQĥOLQHDULWLHVĪLQRXUFDVHWKHWKUHVKROGIXQFWLRQVīDQGDVWRFKDVĥ
WLFGHVFULSWLRQ OHDGVWRULFKHURXWFRPHVWKDQWUDGLWLRQDOGHWHUPLQLVWLFDSSURDFKHV ,WLVEH\RQGWKHVFRSHRIWKLV
PDQXVFULSWWRVWXG\LQJUHDWHUGHSWKWKHLQWHUSOD\EHWZHHQVWRFKDVWLFLW\DQGWKUHVKROGUHVSRQVHV <HW ZHIHHOWKLV
LQWHUSOD\GHVHUYHVIXUWKHUDQDO\VLVVLQFHLWKDVQRWEHHQFRPSUHKHQVLYHO\DGGUHVVHGLQWKHOLWHUDWXUH
 '\VUHJXODWLRQRI,/UHFHSWRUH[SUHVVLRQDQGVLJQDOOLQJLQFDQFHU
DQGLQÁDPPDWLRQ
'LUHFWHYLGHQFHIRUWKHLPSRUWDQFHRIXQGHUVWDQGLQJ,/5 %LRORJ\FRPHVIURPFOLQLFDOVHWWLQJVZKHUHG\VUHJXODWLRQ
RI,/5 H[SUHVVLRQRUVLJQDOOLQJZHUHIRXQGWREHOLQNHGZLWKDXWRLPPXQHLQÀDPPDWRU\GLVHDVHVDQGWXPRXULJHQHĥ
VLV Ĭ ĭ %RWKJDLQĥDQGORVVĥRIĥIXQFWLRQPXWDWLRQVLQWKH,/5α JHQHKDYHEHHQUHSRUWHG DQGWKHUHDUHVWURQJ
DVVRFLDWLRQVEHWZHHQG\VUHJXODWLRQRI,/5 H[SUHVVLRQDQGPXOWLSOHLQÀDPPDWRU\GLVHDVHV EXWDOVRFDQFHU Ĭ ĭ
$ORQJWKHVH OLQHV DERXWİRISHGLDWULF7ĥ$// SDWLHQWVGLVSOD\HGJDLQĥRIĥIXQFWLRQPXWDWLRQV LQ,/5α ZKLFK
FDXVHGOLJDQGĥLQGHSHQGHQWDFWLYDWLRQDQGVLJQDOOLQJRI,/5 Ĭ  ĭ 0RVWRIWKHVHPXWDWLRQVZHUHIRXQGLQ
H[RQRIWKH,/5α JHQH DWVLWHVWKDWFRUUHVSRQGHGWRWKHPHPEUDQHĥSUR[LPDOUHJLRQRIWKHH[WUDĥFHOOXODUGRPDLQ
RIWKHUHFHSWRU 7KHVHPXWDWLRQVFRXOGFDXVHKRPRĥGLPHULVDWLRQRI,/5α PROHFXOHVDVWKH\LQWURGXFHG DPRQJ
RWKHUV QHZF\VWHLQH UHVLGXHVZKLFKFRXOG IRUPGLVXO¿GH OLQNDJHZLWKRWKHUPXWDWHG ,/5α SURWHLQV 5HPDUNĥ
DEO\ LQWKHVHWXPRXUFHOOV ,/5α KRPRĥGLPHULVDWLRQZDVVXɷFLHQWWRLQGXFHOLJDQGLQGHSHQGHQW,/5α VLJQDOOLQJ
UHVXOWLQJ LQ FRQVWLWXWLYH67$7SKRVSKRU\ODWLRQDQGDFWLYDWLRQ Ĭĭ ,QWHUHVWLQJO\ HDUOLHU VWXGLHV LQGLFDWHG WKDW
KRPRĥGLPHULVDWLRQRI,/5α FRXOGQRWWULJJHU,/5 VLJQDOOLQJDQGWKDWVLJQDOOLQJUHTXLUHGKHWHURĥGLPHULVDWLRQZLWK
γc UHFHSWRUV SUHVXPDEO\EHFDXVH-$.DFWLYDWLRQUHTXLUHGWKHWUDQVĥSKRVSKRU\ODWLRQE\-$. Ĭĭ :K\DQGKRZ
,/5α PXWDWLRQVLQ$// WXPRXUFHOOVFDQLQGXFHSURGXFWLYHVLJQDOOLQJE\,/5α KRPRĥGLPHULVDWLRQLVDQLQWHQVH
DUHDRIUHVHDUFK DQGLQVLJKWVIURPVWUXFWXUDOELRORJ\LQFRQMXQFWLRQZLWKPDWKHPDWLFDOPRGHOOLQJDUHH[SHFWHGWR
VKHGOLJKWRQWKHVHRSHQDQGFKDOOHQJLQJTXHVWLRQV
$VDSRWHQWLDOH[SODQDWLRQ DUHFHQWVWXG\VXJJHVWHGWKHUROHIRU,/5α WUDQVĥPHPEUDQHGRPDLQVLQWKHVSDWLDOUHĥ
RUJDQLVDWLRQRIPXWDQW,/5α KRPRĥGLPHULFSURWHLQV Ĭĭ 8QGHUQRUPDOFLUFXPVWDQFHV ,/5α KRPRGLPHUVZRXOG
GLPHULVHLQWRDFRQ¿JXUDWLRQZKHUHWKHLQWUDĥFHOOXODUGRPDLQVZRXOGDOOIDFHWKHVDPHGLUHFWLRQDQG-$.PROHFXOHV
ZRXOGQRWEHMX[WDĥSRVLWLRQHGDQGIDFHHDFKRWKHUIRUWUDQVĥSKRVSKRU\ODWLRQ ,QVRPH,/5α PXWDQWV KRZHYHU
WZLVWVLQWKHWUDQVĥPHPEUDQHGRPDLQZRXOGFDXVHURWDWLRQVRIWKHLQWUDĥFHOOXODUUHJLRQZKLFKZRXOGSRVLWLRQ-$.
PROHFXOHVLQWRWKHFRUUHFWRULHQWDWLRQIRUWUDQVĥSKRVSKRU\ODWLRQDQGDFWLYDWLRQ Ĭĭ

α = 0 ν = 5
α = 50 ν = 5
)LJXUH  1XPHULFDOVWXG\IRUDWRWDOWLPHRIWZRZHHNVZLWKKLJK,/SURGXFWLRQ ν = 5 IRUWZRYDOXHVRI α α = 0
ĪWRSURZīDQG α = 50 ĪERWWRPURZī 2QWKHOHIWSORW ZHIROORZWKHH[WUDĥFHOOXODU,/FRQFHQWUDWLRQLQWLPH 2QWKH
PLGGOHSORW ZHIROORZWKHIRXUFHOOXODUSRSXODWLRQVLQWLPH 2QWKHULJKWSORW ZHIROORZWKHWZRFHOOXODUSRSXODWLRQV
DVGH¿QHGE\WKHLU&'H[SUHVVLRQLQWLPH

α = 5 ν = 5 α = 50 ν = 5
)LJXUH  +LVWRJUDPRIWKHVWHDG\VWDWHRI&'KLJKVXESRSXODWLRQĪEODFNīDQG&'ORZVXESRSXODWLRQĪUHGīIRU
ν = 5 DQG α = 5 ĪOHIWīRU α = 50 ĪULJKWī 7KHEOXHGDVKHGYHUWLFDOOLQHLVDJXLGHWRWKHH\HWRVKRZWKHOLQHZKHUH
WKHIUDFWLRQRIHDFKVXESRSXODWLRQLV 50İ
%H\RQGWKHLPSOLFDWLRQVLQWXPRXUELRORJ\ WKHVH¿QGLQJVUDLVHPDQ\FKDOOHQJLQJTXHVWLRQV VXFKDVZK\SHUVLVWHQW
,/5 VLJQDOOLQJZRXOGQRWVXSSUHVVH[SUHVVLRQRIWKHRQFRJHQLF,/5α DQGKRZPXWDQW,/5α H[SUHVVLRQZRXOG
DɱHFWFRQYHQWLRQDO,/5α VLJQDOOLQJ IRUH[DPSOH ,QSDUDOOHOWRELRFKHPLFDODQGFHOOXODUDSSURDFKHV ZHVXJJHVW
H[SORLWLQJ WKHSRZHURIPDWKHPDWLFDO DQGFRPSXWDWLRQDOPRGHOOLQJ DVSUHVHQWHG LQ WKLV UHYLHZ WRHQKDQFHRXU
TXDQWLWDWLYHXQGHUVWDQGLQJRIWKHVHFRPSOH[LPPXQHVLJQDOOLQJSUREOHPV
 'LVFXVVLRQ
7KLVUHYLHZLVEDVHGRQWKHK\SRWKHVLVWKDWWKHGHYHORSPHQWRIVXLWDEOHPDWKHPDWLFDOPRGHOVRILPPXQHVLJQDOOLQJ
DQGUHFHSWRUWUDɷFNLQJZLOODOORZXVWRSURYLGHDQVZHUVWRVRPHFXUUHQWKHDOWKĥUHODWHGFKDOOHQJHV KRZGRHVWKH
H[SUHVVLRQOHYHOĪRULWVFRS\QXPEHUīRIDJLYHQSURWHLQLQDQLPPXQHUHFHSWRUVLJQDOOLQJSDWKZD\ĪRUQHWZRUNīDɱHFW
WKHW\SHDQGWLPHVFDOHRIFHOOXODUUHVSRQVHVDQGKRZGRHVOLJDQGFRQFHQWUDWLRQRUSURWHLQFRPSHWLWLRQIRUELQGLQJ
VLWHVRQLPPXQHUHFHSWRUVGULYHGLɱHUHQWFHOOXODUIDWHVE\WXUQLQJRQRɱGLɱHUHQWLQWUDĥFHOOXODUPHFKDQLVPV VXFK
DVHQGRF\WRVLV GHJUDGDWLRQ UHF\FOLQJRUSURWHLQV\QWKHVLV )URPDPDWKHPDWLFDOSHUVSHFWLYH WKHFKDOOHQJHLVWR
GHYHORSDTXDQWLWDWLYHDSSURDFKWRKRZUHFHSWRUĥOLJDQGVLJQDOOLQJUHJXODWHVFHOOXODU IDWHWKDW ĪLī LQWHJUDWHVDZLGH
UDQJHRIPROHFXODU FHOOXODUDQGSRSXODWLRQGDWD DQGĪLLī LPSURYHVRXUXQGHUVWDQGLQJRIWKHPHFKDQLVPVWKDWDUH
G\VUHJXODWHGLQGLVHDVH VRWKDWWKHPDWKHPDWLFDOPRGHOVDUHDFFXUDWHSUHGLFWRUVRIUHVSRQVHWRUHFHSWRUĥWDUJHWHG
WKHUDSLHVDQGFDQDLGWKHGHVLJQRIQRYHOGUXJV ,QWKLVUHJDUG WKHDELOLW\WRV\QWKHWLFDOO\FUHDWHOLJDQGVĪUHIHUUHGWR
DV V\PWKHNLQHV Ĭĭī ZLWKWKHDELOLW\WREULQJWRJHWKHUUHFHSWRUFKDLQVWKDWDUHQRWQDWXUDOO\SDLUHGWRJHWKHU RSHQV
DGRRUWRQRYHOZD\VWRWXQHLPPXQHVLJQDOOLQJ )RULQVWDQFH DGLPHULFFRPSRXQGRI,/DQG,/ĪUHIHUUHGWRDV
,/LQ)LJ ī ZLWKWKHDELOLW\WREULQJWRJHWKHU,/5α ZLWK,/5β FDQPRGXODWH,/5 DQG,/5 VLJQDOOLQJ DQG
WKXV7 FHOOEHKDYLRXU 2XUEHOLHILVWKDWPDWKHPDWLFDOPRGHOOLQJFDQKHOSTXDQWLI\ DQGHYHQSUHGLFW WKHH[WHQWRI
WKLVLPPXQHVLJQDOOLQJPRGXODWLRQDVDIXQFWLRQRI,/DQG,/H[WUDĥFHOOXODUFRQFHQWUDWLRQ
,QWKHODVWGHFDGHDORWRITXDQWLWDWLYHZRUNKDVVXSSRUWHGWKHYLHZWKDW,/DQGLWVUHFHSWRU ,/5DUHRQHRIWKH
PDVWHUUHJXODWRUVRI7 FHOOKRPHRVWDVLV Ĭ ĭ 6WLOODQXPEHURITXHVWLRQVUHPDLQRSHQ DVGLVFXVVHGLQWKLVUHYLHZ
2QHRIWKHVHFKDOOHQJHVUHODWHVWRLQWUDĥFHOOXODUHYHQWVWKDWWDNHSODFHRQFH,/5 KDVEHHQLQWHUQDOLVHG :KLOHPXFK
RIWKHHPSKDVLVLVRIWHQSODFHGDWWKHOLJDQGĥUHFHSWRUOHYHO WUDɷFNLQJ GHJUDGDWLRQ UHF\FOLQJDQGUHFHSWRUV\QWKHVLV
DUHFUXFLDOWRXQGHUVWDQGLQJKRZUHFHSWRUĥPHGLDWHGVLJQDOOLQJUHJXODWHVLPPXQHFHOOIDWH 7KXV WKHUHLVDQHHGWR
GHYHORSPDWKHPDWLFDOPRGHOVRI LPPXQHVLJQDOOLQJWKDW LQFRUSRUDWHUHFHSWRUWUDɷFNLQJHYHQWV Ĭ ĭ 5HFHQW

H[SHULPHQWDODGYDQFHV ĬĭWRJHWKHUZLWKQRYHOPDWKHPDWLFDOPRGHOVZLOOEHHVVHQWLDOWRHQKDQFHRXUXQGHUVWDQGLQJ
RIWKHPHFKDQLVPVWKDWUHJXODWHUHFHSWRUĥPHGLDWHGLPPXQHVLJQDOOLQJ DQGLQWXUQZLOODOORZXVWRGHFLSKHUKRZ
VLJQDOOLQJGHWHUPLQHVLPPXQHFHOOXODUIDWH
)LQDOO\ LQ WKLV UHYLHZZHKDYHSUHVHQWHGDQXPEHURIPDWKHPDWLFDOPRGHOV HDFKRI WKHPDWDGLɱHUHQW OHYHORI
GHVFULSWLRQĪPROHFXODU FHOOXODUDQGSRSXODWLRQ UHVSHFWLYHO\ī $ FXUUHQWFKDOOHQJHDQGRSSRUWXQLW\IRUDSSOLHGPDWKĥ
HPDWLFVLVWRLQWHJUDWHWKHGLɱHUHQWVFDOHVLQYROYHGLQWKHELRORJLFDOV\VWHPXQGHUFRQVLGHUDWLRQ ,QWKLVGLUHFWLRQ
DJHQWĥEDVHGPRGHOV ĬĭDUHJRRGFDQGLGDWHV DVWKH\EULQJWRJHWKHUWKHFKDUDFWHULVWLFVRIVLQJOHFHOOVZLWKWKHG\ĥ
QDPLFVRIWKHZKROHSRSXODWLRQ $JHQWĥEDVHGPRGHOV LQFRPELQDWLRQZLWKWUDGLWLRQDOPDWKHPDWLFDOPRGHOVĪEDVHG
IRULQVWDQFHLQ2'(V DVZHGLVFXVVHGLQ6HFWLRQ ī HQDEOHXVWRLQWHJUDWHGLɱHUHQWWLPHVFDOHV
:HFRQFOXGHZLWKDUHIHUHQFHWRVRPHUHFHQWZRUNZKLFKKDVKLJKOLJKWHGWKHUHOHYDQFHDQGVLJQL¿FDQFHRIPDWKHĥ
PDWLFDOPRGHOOLQJLQ,PPXQRORJ\ Ĭĭ 7KLVODWWHUUHIHUHQFHKDVFROOHFWHGDQXPEHURIVWXGLHVRI7 FHOOLPPXQRORJ\
WRLOOXVWUDWHWKHEHQH¿WVRIWKHRUHWLFDODQGH[SHULPHQWDOFROODERUDWLRQV QRWRQO\DWWKHUHFHSWRUDQGVLJQDOOLQJOHYHO
DVZHKDYHGRQHLQWKLVUHYLHZ
$FNQRZOHGJHPHQWV
7KLVZRUNKDVEHHQVXSSRUWHGE\JUDQWV),6ĥĥ&ĥĥ3 DQG35; Ī0&ī IURPWKH6SDQLVK0LQLVWU\
RI(FRQRP\Ī0,1(&2īWKH(XURSHDQ8QLRQ)33URJUDPPHXQGHUDJUHHPHQW3,56(6ĥ*$ĥĥĪ0& DQG
&03īDQGWKH(XURSHDQ8QLRQ+3URJUDPPHXQGHUDJUHHPHQW06&$ĥ,71ĥĪ4XDQ7,, (71ī
Ī&03ī
5HIHUHQFHV
Ĭĭ 3ǐǞǎǓǚǙ -- HW DO -RXUQDORI([SHULPHQWDO0HGLFLQH  Īī
Ĭĭ ǡǚǙ)ǝǐǐǏǐǙĥ-ǐǑǑǝǤ 8 HW DO -RXUQDORI([SHULPHQWDO0HGLFLQH  Īī
Ĭĭ 6ǎǓǗǠǙǞ .6 HW DO 1DWXUHLPPXQRORJ\  Īī
Ĭĭ 7ǌǙ -7 HW DO 3URFHHGLQJVRIWKH1DWLRQDO$FDGHP\RI6FLHQFHV  Īī
Ĭĭ 3ǌǝǖ -+ HW DO 1DWXUHLPPXQRORJ\  Īī
Ĭĭ 5ǌǐǍǐǝ 0( HW DO ,PPXQRORJLFDOUHYLHZV  Īī
Ĭĭ .ǔǘ *< HW DO ,PPXQHQHWZRUN  Īī
Ĭĭ )ǝǤ 7- HW DO %ORRG  Īī
Ĭĭ 0ǌǝǟǔǙ &( HW DO ,PPXQLW\  Īī
Ĭĭ :ǌǔǎǖǘǌǙ $7 HW DO &HOOXODUDQGPROHFXODUOLIHVFLHQFHV  Īī
Ĭĭ 5ǚǎǓǘǌǙ < HW DO 1DWXUH5HYLHZV,PPXQRORJ\  Īī
Ĭĭ 3ǌǝǖ -+ HW DO ,PPXQLW\  Īī
Ĭĭ 'ǐǛǛǐǝ -0 HW DO 3URFHHGLQJVRIWKH1DWLRQDO$FDGHP\RI6FLHQFHV  Īī
Ĭĭ 0ǠǙǔǟǔǎ , HW DO %ORRG  Īī
Ĭĭ .ǔǘǠǝǌ 0< HW DO 1DWXUHLPPXQRORJ\  Īī
Ĭĭ 0ǎ(ǗǝǚǤ &$ HW DO 3URFHHGLQJVRIWKH1DWLRQDO$FDGHP\RI6FLHQFHV  Īī
Ĭĭ +ǚǙǒ & HW DO ,PPXQLW\  Īī
Ĭĭ &ǚǟǌǝǔ -: HW DO 6FLHQFHVLJQDOLQJ  ĪīUD
Ĭĭ 0ǌǥǥǠǎǎǓǐǗǗǔ 5 HW DO 1DWXUH5HYLHZV,PPXQRORJ\  Īī

Ĭĭ .ǌǟǥ * HW DO 6FL6LJQDO  ĪīUD
Ĭĭ &ǌǗǗǌǝǏ 5 HW DO ,PPXQLW\  Īī
Ĭĭ 3ǌǗǘǐǝ 0- HW DO &HOOXODU	PROHFXODULPPXQRORJ\  Īī
Ĭĭ )ǐǔǙǐǝǘǌǙ 2 HW DO 0ROHFXODUV\VWHPVELRORJ\  Īī
Ĭĭ 5ǐǤǙǚǗǏǞ - HW DO )URQWLHUVLQLPPXQRORJ\  Īī
Ĭĭ *ǚǙǙǚǝǏ 3 HW DO 6FL6LJQDO  ĪīHDDO
Ĭĭ <Ǡ 4 HW DO -RXUQDORI([SHULPHQWDO0HGLFLQH  Īī
Ĭĭ 0ǎ&ǌǠǒǓǟǝǤ 70 HW DO -RXUQDORI([SHULPHQWDO0HGLFLQHĪīMHP
Ĭĭ 3ǌǝǖ -< HW DO 6FLHQWL¿FUHSRUWV  Īī
Ĭĭ .ǔǘ . HW DO 7KH-RXUQDORI,PPXQRORJ\  Īī
Ĭĭ <Ǡ 4 HW DO -RXUQDORI([SHULPHQWDO0HGLFLQH  Īī
Ĭĭ /ǔǒǚǙǞ '/ HW DO -RXUQDORI%LRORJLFDO&KHPLVWU\  Īī
Ĭĭ 0ǌǝǔǙǚ -+ HW DO +XPDQLPPXQRORJ\  Īī
Ĭĭ 6ǔǙǒǐǝ $ HW DO 1DWXUH5HYLHZV,PPXQRORJ\  Īī
Ĭĭ /ǠǎǖǐǤ 0$ HW DO 1DWXUHLPPXQRORJ\  Īī
Ĭĭ 1ǚǒǠǎǓǔ 0 HW DO 3URFHHGLQJVRIWKH1DWLRQDO$FDGHP\RI6FLHQFHV  Īī
Ĭĭ &ǓǚǙǒ 00 HW DO ,PPXQLW\  Īī
Ĭĭ $ǖǌǞǓǔ . HW DO &HOO  Īī
Ĭĭ 2ǛǑǐǝǘǌǙ -7 HW DO 1DWXUH  Īī
Ĭĭ 5ǌǟǓǘǐǗǗ -& HW DO 7KH-RXUQDORI,PPXQRORJ\  Īī
Ĭĭ <Ǡ 4 HW DO -RXUQDORI([SHULPHQWDO0HGLFLQH  Īī
Ĭĭ :ǚǑǑǚǝǏ -$ HW DO %ORRG  Īī
Ĭĭ /ǐǐ +& HW DO 7KH-RXUQDORI,PPXQRORJ\  Īī
Ĭĭ .ǐǝǏǔǗǐǞ <0 HW DO 1DWXUHLPPXQRORJ\  Īī
Ĭĭ )ǐǙǒ ; HW DO 1DWXUHLPPXQRORJ\  Īī
Ĭĭ $Ǎǐ $ HW DO 7KH-RXUQDORI,PPXQRORJ\  Īī
Ĭĭ 'ǐ.ǚǟǐǝ 53 HW DO ,PPXQLW\  Īī
Ĭĭ ;Ǡǐ ++ HW DO 1DWXUHLPPXQRORJ\  Īī
Ĭĭ +ǐǙǝǔǜǠǐǞ &0 HW DO %ORRG  Īī
Ĭĭ )ǌǗǗǐǝ (0 HW DO ,PPXQRORJ\DQGFHOOELRORJ\  Īī
Ĭĭ /ǔǠ : HW DO -RXUQDORI([SHULPHQWDO0HGLFLQH  Īī
Ĭĭ -ǔǌǙǒ 4 HW DO 0ROHFXODUDQG&HOOXODU%LRORJ\  Īī
Ĭĭ 9ǐǙǖǔǟǌǝǌǘǌǙ $5 HW DO (XURSHDQMRXUQDORILPPXQRORJ\  Īī
Ĭĭ 1ǚǒǠǎǓǔ 0 HW DO 6FLHQFH  Īī

Ĭĭ 6ǓǔǘǔǥǠ $ HW DO ,PPXQRORJLFDOUHYLHZV  Īī
Ĭĭ :ǌǗǞǓ 67 ,PPXQRORJLFDOUHYLHZV  Īī
Ĭĭ )ǝǐǏǝǔǖǞǞǚǙ 6 HW DO 1DWXUHELRWHFKQRORJ\  Īī
Ĭĭ 5ǚǞǐ 7 HW DO -RXUQDORI%LRORJLFDO&KHPLVWU\  Īī
Ĭĭ 3ǌǗǘǐǝ 0- HW DO ,PPXQRORJ\DQGFHOOELRORJ\  Īī
Ĭĭ :ǌǗǏǘǌǙǙ 7$ &DQFHULPPXQRORJ\UHVHDUFK  Īī
Ĭĭ )ǌǗǗǚǙ (0 HW DO %LRWHFKQRORJ\SURJUHVV  Īī
Ĭĭ %ǠǞǞǐ ' HW DO 3URFHHGLQJVRIWKH1DWLRQDO$FDGHP\RI6FLHQFHV  Īī
Ĭĭ Ǐǐ Ǘǌ+ǔǒǠǐǝǌ / HW DO ,Q 0RGHOLQJ&HʃXODU6\VWHPV ĦĪ6SULQJHU ī
Ĭĭ 0ǚǝǌǒǌ , HW DO H/LIH  ĪīH
Ĭĭ %ǗǔǙǚǡ 0/ HW DO %LRLQIRUPDWLFV  Īī
Ĭĭ 6ǐǖǌǝ -$ HW DO DU;LYSUHSULQWDU;LYĪī
Ĭĭ )ǌǐǏǐǝ -5 HW DO 6\VWHPVELRORJ\Īī
Ĭĭ 7ǌǖǌǏǌ . HW DO 1DWXUH5HYLHZV,PPXQRORJ\  Īī
Ĭĭ )ǝǔǐǏǝǔǎǓ & HW DO ,PPXQLW\  Īī
Ĭĭ )ǝǤ 7- HW DO %ORRG  Īī
Ĭĭ 'ǚǚǘǞ + -RXUQDORIDXWRLPPXQLW\  Īī
Ĭĭ 7ǌǗ 1 HW DO &HOOXODUDQGPROHFXODUOLIHVFLHQFHV  Īī
Ĭĭ :ǌǟǌǙǌǍǐ 0 HW DO -RXUQDORI([SHULPHQWDO0HGLFLQH  Īī
Ĭĭ 0ǌǥǥǠǎǎǓǐǗǗǔ 5, HW DO ,Q 6HPLQDUVLQLPPXQRORJ\ YROXPH  ĦĪ(OVHYLHU ī
Ĭĭ =ǐǙǌǟǟǔ 33 HW DO 1DWXUHJHQHWLFV  Īī
Ĭĭ .ǔǘ 06 HW DO +XPDQSDWKRORJ\  Īī
Ĭĭ 5ǔǍǐǔǝǚ ' HW DO $GYDQFHVLQELRORJLFDOUHJXODWLRQ  Īī
Ĭĭ 6ǓǚǎǓǌǟ & HW DO %ORRG  Īī
Ĭĭ 'ǠǝǠǘ 6. %ORRG  Īī
Ĭĭ )ǝǐǐǏ '0 HW DO &HOO  Īī
Ĭĭ &ǌǞǟǝǚ 0 HW DO ,Q 6WRFKDVWLF3URFHVVHV 0XOWLVFDOH0RGHOLQJ DQG1XPHULFDO0HWKRGVIRU&RPSXWDWLRQDO&HʃXODU%LROĦ
RJ\ ĦĪ6SULQJHU ī
Ĭĭ &ǌǞǟǝǚ 0 HW DO ,QWHUIDFHIRFXV  Īī

$ &RGHOLVWLQJIRUPROHFXODUOHYHOPRGHOīVHH6HFWLRQ Ĭ
EHJ LQ PRGHO
EHJ LQ SDUDPHWHU V
1$        H  P ROHFX OH V SHU PRO Ī $YRJDGUR F R Q V W D Q W ī
F H O O ' H Q V L W \  H    F H O O V SHU / Ī  H F H O O V SHU X/ ī
9HFI    F H O O ' H Q V L W \
 F R Q F H Q W U D W L R Q RI ,/− D W WLPH W  
GHQV   Q0 Ī XVHG I R U S D U D P H W U L F S O R W ī
,/B GHQV     H−Ī1$ 9HFI ī  0 FRQYHUWHG WR F R S L H V SHU F H O O Ī FSF ī
 F R Q F H Q W U D W L R Q RI ,/− D W WLPH W  
G H Q V       Q0 Ī XVHG I R U S D U D P H W U L F S O R W ī
,/B G H Q V       H−Ī1$ 9HFI ī  0 FRQYHU WHG WR F R S L H V SHU F H O O Ī FSF ī
 QXPEHU RI U H F H S W R U V SHU F H O O
,/5DOSKDB    H  FSF
,/5EHWDB    H  FSF
J    H  Ī XVHG I R U S D U D P H W U L F S O R W ī
JDPPDFB J  FSF
 5HDFW LRQ U D W H V Ī I  IRUZDUG  U  EDFNZDUG ī
N I     H  Ī1$ 9HFI ī  L Q X Q L W V RI 0A Į −  į PLQ A Į −  į FRQYHU WHG WR  Ī P R OHFX OH V  F H O O ī  V
N U      LQ X Q L W V RI PLQ A Į −  į
N I    H  Ī1$ 9HFI ī  LQ X Q L W V RI 0A Į −  į PLQ A Į −  į FRQYHU WHG WR  Ī P R OHFX OH V  F H O O ī  V
NU     LQ X Q L W V RI PLQ A Į −  į
N I     H  Ī1$ 9HFI ī  L Q X Q L W V RI 0A Į −  į PLQ A Į −  į FRQYHU WHG WR  Ī P R OHFX OH V  F H O O ī  V
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